HOMOLOGY OF ARTINIAN AND MINI-MAX MODULES, II 
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Abstract. Let R be a commutative ring, and let L and L' be ij-modules. We 
investigate finiteness conditions (e.g., nocthcrian, artinian, mini-max, Matlis 
reflexive) of the modules Ext^j (L, L') and Torf (L,Z/) when L and L' satisfy 
combinations of these finiteness conditions. For instance, if R is noether- 
ian, then given il-modules M and M' such that M is Matlis reflexive and 
M' is mini-max (e.g., noetherian or artinian), we prove that Ext^j(M, M'), 
Ext^(M',M), and Torf (M, M') are Matlis reflexive over R for all O and 
that Ejrtjj(M, M'Y e Torf (M, M' v ) and Ext^(M', M) v e Torf (M', M v ). 



Introduction 
Throughout this paper R denotes a commutative ring. 

It is well-known that, given noetherian R- modules N and N', if R is noetherian, 
then Ext R (N,N') and Torf (TV, N') are noether ian for all i. For other finiteness 
conditions (e.g., artinian, mini-max, Matlis refiexivcQ) similar results are not so 
clear. For instance, given artinian i?-modules A and A' , what can one say about 
Ext R (A, A') and Torf (A, A')? For Matlis reflexive i?-modules M and M', the local 
case of the analogous question is treated by Belshoff [1] : if R is local and noetherian, 
then Ext R (M, M 1 ) and Torf (M, M') are Matlis reflexive. 

In [6 we establish much more general results, still working over a local noetherian 
ring. The current paper treats the non-local case, and in some instances extends 
results to the non-noetherian setting. For instance, the following result is proved 
inO l O llSTllOH and l6T6l 

Theorem I. Assume that R is noetherian. Let A, M , and M' be R-modules such 
that A is artinian, M is mini-max, M' is Matlis reflexive. 

(a) Let J- be a finite subset o/m-Spec(i?) containing Supp fl (A) n Supp i? (M), and 
set a = n me jrm. Then Ext^j(A, M) is a noetherian R a -module for all i 0. 

(b) Let b C n meS upp H (A)nSup Pj? (L) r n- Then for all i, the module Torf (A, M) is 
artinian over R and b-torsion, hence it is an artinian R b -module. 

(c) The R-modules Ext i R (M,M') ) Ext R (M',M), and Torf (Af, M') are Matlis re- 
flexive over R for all i 0. 
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(d) There are natural R-module isomorphisms Ext^(M, M') v = Tor^(M, M' v ) 
and Ext^(M', M ) v = Tbrf (M 1 , M v ) for all i ^ 0. 

One may be dismayed by the technical nature of parts (jaj) and (JbJ of this re- 
sult, especially the need to consider a non-canonical completion of R. However, 
straightforward examples show that Ext^j(A, M) is not usually noetherian over R 
or over the completion of R with respect to its Jacobson radical, so this technicality 
is unavoidable. 

It should also be noted that, given the pathological localization behavior of 
Ext^(A, M), one cannot simply localize Ext l R (A,M) and apply the local results 
of [5J. One needs to apply a more subtle decomposition technique based on a 
result of Sharp [IT] ; see Fact 13.11 This result implies that an artinian i?-modulc 
decomposes as a finite direct sum of m-torsion submodules where m ranges through 
the finite set Supp^(A). Such decompositions hold for any b-torsion module (even 
over a non-noetherian ring) when b is an intersection of finitely many maximal 
ideals of m. Thus, the following result (which is proved in 14. 2[) applies when T is 
artinian; it is our substitute for localization that allows us to reduce the proof of 
Theorem HJjaj) to the local case. 

Theorem II. Assume that R is noetherian, and let c be a finite intersection of 
maximal ideals of R. Let T and L be R-modules such that T is c-torsion, and set 
J- = Supp^(T) fl Supp fl (L) . Let Q be a finite set of maximal ideals of R containing 
J- . Then for all i ^ there are R-module isomorphisms 

Ex4(T, L) - LUg Ext^ m (r m (T), R m ® R L) - U m66 Ext^ (T m , L m ). 

The second isomorphism is R a -linear for each ideal a C n me <jm. Hence, Ext#(T, L) 
has an R a -module structure that is compatible with its R-module structure. 

Since the decomposition result for artinian modules holds over noetherian and 
non-noetherian rings alike, it is reasonable to ask what can be said about these 
Ext and Tor-modules when R is not noetherian. The proofs of Theorems Q] and [TT] 
use some techniques that are inherently noetherian in nature. However, in the 
case i = we have the following non-noetherian result, which we prove in 17.111 
It compliments a result of Faith and Herbera 5, Proposition 6.1] stating that the 
tensor product of two artinian modules has finite length. See also Corollary 17.41 

Theorem III. Let A and N be R-modules such that A is artinian and N is noe- 
therian. Set Q — Supp H (A) (1 Assr(N). For each m G Q, there is an integer a m 
such that m am A = m am+1 A or m am T m (N) = 0; and there is an isomorphism 

Hom R (A,N) = TJ meg Ho mi? (A/m Q ™A, (0 : N m Q ™)). 

In particular, Hom#(^4, N) is annihilated by n me gm Qm and has finite length. 

We summarize the sections of the paper. Section [T] contains definitions and 
background material. Section [5] consists of foundational material about torsion 
modules, and Section [3] does the same for artinian and mini-max modules. Sec- 
tion 2] is devoted to the proof of Theorem UTI and other similar isomorphism results. 
Sections [SH5J contain the proof of Theorem Q] We conclude with Section [7] which 
includes the proof of Theorem IIIII as well as vanishing results for Ext and Tor, 
including a description of the associated primes of certain Horn-modules. 

To conclude this introduction, we mention our mnemonic naming protocol for 
modules. It follows in the great tradition of using / for injective modules, P for 
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projective modules, and F for free or flat modules. Artinian modules are usually 
named A or A'. Modules with fmiteness assumptions on their Bass numbers or 
Betti numbers are denoted B and B' . We use M and M 1 for mini-max (e.g., Matlis 
reflexive) modules. The symbols N and N' are reserved for noetherian modules. 
Torsion modules are usually T or T'. Modules with no specific properties are mostly 
denoted L and L' . 

1. Foundations 

This section contains notations, definitions, and other background material for 
use throughout the paper. 

Definition 1.1. For each ideal a C i?, let R a denote the a-adic completion of R, 
and set V(a) — {p £ Spec(i?) | a C p}. Let m-Spec(i?) denote the set of maximal 
ideals of R. Given an i?-module L, let E R (L) denote the injective hull of L. 

Fact 1.2. Assume that R is noetherian, and let a be an ideal of R. Recall that 
aR a is contained in the Jacobson radical of R a , and that R a /aR a = R/a; see 
Theorems 8.11 and 8.14]. From this, it is straightforward to show that there are 
inverse bijections 

m-Spec(i?) n V(a) * »- m-Spec( J R a ) 

ml ^m.R a 

nf]R^ in 

where n PI R denotes the contraction of n along the natural map R — >• R a . 

Definition 1.3. Set E R = LL em -s P ec(fl) E B (iJ/m). Let (-) V ( R ) = Ham B (-,£ fl ) 
be the Matlis duality functor. We set E = E R and (— ) v = (— ) V (- R ) when the ring 
R is understood. Set (-) vv = ((-) v ) v and similarly for (-)V(#)v(fl), Given an 
i?-module L, the natural biduality map for L is the map 5l- L — > L vv given by 
Sl(1)(iP) — "0(Oj an d L i s said to be Matlis reflexive if Sl is an isomorphism. 

Fact 1.4. Assume that R is noetherian. Then E is a minimal injective cogenerator 
for R, that is, for each i?-module L, the natural biduality map Sl: L i vv is a 
monomorphism; see [U Exercise 3.3.4]. From this, we have Ann R (L) = Ann R (L v ) . 
Indeed, the biduality map explains the third containment in the next display; the 
remaining containments are standard since (— ) v = Hom/?(— , E): 

Ann fl (X) C Ann R (L v ) C Ann R (L vv ) C Axm R {L). 

Definition 1.5. An i?-module L is said to be mini-max if there is a noetherian 
submodule N C L such that the quotient L/N is artinian. 

Fact 1.6 ([2J Theorem 12]). Assume that R is noetherian. An i?-module L is 
Matlis reflexive if and only if L is mini-max and Rj Ann^(L) is semi-local and 
complete, that is, complete with respect to its Jacobson radical. 

The proofs of the next three facts given in [5] also work over non-local rings. 

Fact 1.7 ([6] Lemma 1.23]). The class of noetherian (respectively, artinian or finite 
length) i?-modules is closed under submodules, quotients, and extensions. 

Assume that R is noetherian. The class of mini-max (respectively, Matlis reflex- 
ive) i?-modules is closed under submodules, quotients, and extensions. It follows 
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that the class of mini-max i?-modules is the smallest class of R modules containing 
the artinian and noetherian R- modules that is closed under extensions. See, e.g., 
the proof of [SJ Lemma 1.23]. 

Fact 1.8 ([6j Lemma 1.24]). Let C be a class i?-modules that is closed under 
submodulcs, quotients, and extensions. 

(a) Given an exact sequence L' — > L A L" , if L',L" G C, then leC. 

(b) Given an i?-complex X and an integer i, if X,- G C, then Hi(X) G C. 

(c) Assume that R is noetherian. Given a noetherian i?-module N, if L G C, then 
Ext R (N,L), Tor* (N,L) G C. 

Fact 1.9 (|)J Lemma 1.25]). Let i? — > S be a ring homomorphism, and let C be a 
class of S'-modules that is closed under submodules, quotients, and extensions. Fix 
an S'-module L, an i?-module L' , an i?-submodulc L" C L', and an index i ^ 0. 

(a) If Ext^(L, L"), Ext^(L, L'/L") G C, then Ext^(i, L') G C. 

(b) If Ext^(L", L), Ext^L'/L", L) G C, then Ext^(L', L) G C. 

(c) If Torf (L, L"), Torf : (L, L'/L") G C, then Torf (L, Z/) G C. 

Definition 1.10. A prime ideal p of R is associated to L if there is an i?-modulc 
monomorphism R/p L; the set of primes associated to L is denoted Ass R (L). 
The support of an i?-module L is Supp B (L) = {p G Spec(i?) | L p ^ 0}. The set of 
minimal elements of Supp fl (L) with respect to inclusion is denoted Mm R (L). 

Definition 1.11. Let a be an ideal of R, and let L be an R- module. Set 

r Q (X) = {x G L | a n x = for n > 0}. 

We say that L is a-torsion if L = T a (L). 

Here is something elementary and useful. 

Lemma 1.12. Let U C R be multiplicatively closed. For all U~ 1 R-modules M and 
N, one has Hom [ /-i i? (M, N) = Hom fl (M, N). 

Proof. Given the natural inclusion Hom[;-ijj(M,JV) C Hom^M, N), it suffices to 
verify that each / G Hom^(M, TV) is [/ -1 i?-linear, which we verify next. 

f(—m) — -uf(-m) — -f(u-m) — - firm) = —rf(m) = -f(rn) 

□ 

Fact 1.13. Assume that i? is noetherian, and let b be an ideal of R. For each 
p G Spec(i?), one has 



r b (E R (R/p)) 



E R (R/p) ifbcp 
if b % p. 

The point is that E R (R/p) is p-torsion and multiplication by any element of R \ p 
describes an automorphism of E^(i?/p). 

Fact 1.14. Assume that R is noetherian, and let U C R be multiplicatively closed. 
For each p G Spec(i?), one has 

r i E , R/ s = fa R (R/p) = Eu-^iU-'R/pU-'R) ifpnt/ = 

R[ /V) \o ifpnc/^0. 

See, e.g., [4j Theorems 3.3.3 and 3.3.8(6)] or [8 :j Theorem 18.4(vi)] or the proof of 
Lemma EMS. 
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Definition 1.15. Let L be an i?-module, p £ Speci? and n(p) := R p /pR v . For 

each integer i ^ 0, the ith Bass number of L with respect to p and the ith Betti 
number of L with respect to p are as follows: 

/4(p,Z) - dim K(p) (Ext^(«(p),L p )) Pf{p,L) = dim K(p) (Torf"( K (p) ) i p )). 

When i? is quasi-local with maximal ideal m, we abbreviate (J? R (L) = n R {va, L) and 
P?{L)=(i*{m i L). 

Remark 1.16. Let L be an i?-module. For each i and each p £ Spec(i?), we have 

/4(p, L) = /4 P (ip) /3f (P, £) = /?f P (L P ). 

Remark 1.17. Assume that R is noetherian, and let L be an i?-module. 

(a) If J is a minimal injective resolution of L, then for each index i ^ we have 

I' = U peSp ec( fl ) EaWrt^' 1 " = II PeS upp fl (L) E*(iJ/|,)<^ £ ». 
See, e.g., Theorem 18.7]. 

(b) For each p e Speci?, the quantity fi R (p,L) is finite for all i ^ if and only 
if (3^{p,L) is finite for all i ^ 0; see [71 Proposition 1.1] and the localization 
equalities in Remark 11.161 

2. Torsion Modules 

This section consists of foundational material about torsion modules. For the 
next fact, the proofs in [6 work over non-local non-noetherian rings. 

Fact 2.1 ( J] 1.2-1.4]). Let a be an ideal of R, and let L, T, and T be i?-modules 
such that T and T" are a-torsion. 

(a) Then T has an i? a -module structure that is compatible with its i?-module 
structure via the natural map R — > R a . 

(b) The natural map T — > R a ® R T is an isomorphism of i?"-modules. 

(c) The left and right i? a -module structures on R a ® R T are the same. 

(d) A set Z C T is an i?-submodule if and only if it is an i? a -submodulc. 

The next result contains a non-local version of [6j Lemma 1.5]. 
Lemma 2.2. Let a be an ideal of R, and let T be an a-torsion R-module. 

(a) If L is an R a -module (e.g., if L is an a-torsion R-module), then Hom R (T, L) = 
Hom£ (T,L). 

(b) If L' is an R-module, then there is an R" -module isomorphism Hom R (T, L') = 
Hom fl (r,r o (L')) = Hom gs (T,r (£')). 

Proof, (gj) The first isomorphism in the following sequence is Horn-cancellation. 
Hom fl (T, L) = Hom fl (T, Hom Ra (R a , L)) = Hom^„ (R a ® R T, L) = Hom^„ (T, L) 

The second isomorphism is Hom-tensor adjointness, and the third one is from 
Fact l2.1[[b|) . One checks that these isomorphisms are compatible with the inclusion 
Hom/{(r, L) D Hom^„ (T, L), so this inclusion is an equality. 

jb]) The desired equality follows from part (jsj). For the isomorphism, consider 
the map i*: Hom R (T,T a (L')) — s> Hom^T, L'), which is induced by the inclusion 
i: T a (L') L'. Since T is a-torsion, it is an i?°-module by Fact I2.1l[ 5|. Using 
this, it is straightforward to show that i* is i? a -linear. The proof of [51 Lemma 1.5] 
shows that is bijective. □ 
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Lemma 2.3. Let m G m-Spec(i?), and let T be an m-torsion R-module. For each 
u G R \ m multiplication by u describes an automorphism of T . 

Proof. The kernel and cokernel of the map T A- T are it-torsion and m-torsion. 
Hence, they are torsion with respect to uR + m = R, that is, they are both 0. □ 

Lemma 2.4. Let T C m-Spec(i?). For each m G T, let T(m) be an m-torsion 
R-module, and set T = II me jrT(m). Then we have the following. 

(a) For each n G m-Spec(i?), the composition of natural maps T n (T) — > T — > T n is 
an isomorphism. If n G T , then the natural map T(n) = T n (T(n)) — > r n (T) is 
an isomorphism. Each map is R n -linear and R a -linear for any ideal a C n. 

(b) One has 

Min fl (T) = Ass fl (r) = Sup Pfl (T) = Su PPfl (T) C\F 
= {meJ| T(m) ± 0} = {m e T \ T m ? 0}. 

(c) The module T is a-torsion for each ideal a C n m6 supp (T) m > an d 

EmeSupp R (T) ^m(r) = SmGJF (T) = T = U me jr T m — LImGSupp H (T) ^m- 

The sum X/meJ r -Tm(r) — X/meSupp^fT) rm(T) is a direct sum, and the isomor- 
phisms are R" -linear for each ideal a C n me supp H (T)m. 

Proof. Let p G Spec(i?) and m G T and n G m-Spec(i?). Because each T(m) is 
m-torsion, if p ^ m and n ^ m, then T(m) p = = r n (T(m)). (Lemma 12.31 may be 
helpful here.) Also, the natural maps r m (T(m)) — > T(m) —} T(m) m are bijective. 

(jaj) The bijectivity of the given maps (which are at least i?-linear) follows readily 
from the previous paragraph. Since T(n) = r n (T) = T n is n-torsion, Fact 12. lf fgrf) 
implies that T(n) is an i?°-module for each ideal a C n, and Lemma [2T2T [a]) tells us 
that any i?-module homomorphism T n (T) -> T n or T(n) — > T n (T) is i? a -linear. It 
follows that each such map is i?"-linear, so it is i? n -linear by restriction of scalars 
along the natural map R n — > R n . 

(jbj) The equality in the next sequence is from the previous two paragraphs: 

Supp fl (T) = {m G T | T m (T) /0}CJC m-Spec(ii). 

The containments are by definition. 

From the containment Supp fl (T) C m-Spec(i?), we conclude that each m G 
Supp fl (T) is both maximal and minimal in Supp fl (T). This explains the equality 
Supp fl (T) = Minfl(T), and the containment Assr(T) C Supp fl (T) is standard. 

It remains to show that Supp^(T) C Assjj(T). Let m G Supp fl (T). Part (jaj) 
implies that T m (T) = T m ^ 0, so there is a non-zero element x G T m (T) C T. This 
element is m-torsion, so there is an integer n ^ such that m n+1 a; — ^ m n x. Any 
non-zero element y G m n x therefore has AirriR(y) = m, so m G Ass_r(T), as desired. 

(jg) The containment Supp^(T) C T from part (jbj) implies that 

SmeSupp H (T) ^mCO C ^meT ^m(T). 

The reverse containment follows from the fact that if m G J- \ Supp ij .(T), then 
F m (T) = T m = by part (jaj. The sum X)meJ r ^ m (-^) * s a direct sum since distinct 
ideals in T are comaximal. Since the natural map T(m) — > T m (T) is an isomorphism 
for each m G T, the equality Sme^Tm^) = ^ now f°U° ws - The isomorphisms 

EmeSu PPfl (T) r m(T) = LImeSupp fl (T) T m and J2meJ^ T rn(T) = U m eJF T ™ follow fr0m 

the directness of the sums, using part (jlj). 
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Fix an ideal o C n mg s U pp (T)m. The fact that T is a-torsion follows readily from 
the equality T — J2meSu P p R (T) F m (T). The i?"-linearity of each of the isomorphisms 
in the statement of the result is a consequence of Lemma [2~2T [a| . □ 



The next result provides the prototypical example of a module T as in the 
previous result. 

Lemma 2.5. Let T be a finite subset of m-Spec(i?) , and set b — n m gjrm. If T is 
a b-torsion R-module, then for each m G J- there is an m-torsion R-module T(m) 
such that there is an R b -module isomorphism T = U mg jrT(m). 

Proof. Fact I2.ll( a|) implies that T is a module over the product R b = Yl me j^ R m ; 
this product decomposition comes from the fact that T is finite. Furthermore, T is 
torsion with respect to the Jacobson radical bR b C R b . Using the natural idcmpo- 
tent elements of R b , we know that T decomposes as a coproduct T = U me jr T m ^ b . 
Since T is finite, we have bR b ~, = mR b for each m € T . The fact that T is 
b-torsion implies that T e& is mi? ~, -torsion, hence m-torsion. Thus, we have the 
desired decomposition with T(m) = ZLg*. □ 

Lemma 2.6. Let T C m-Spec(i?). For each m G T , let T(m) oe an m-torsion 
R-module, and set T = U me jr T(m). Fix an ideal a C i? and a multiplicatively 
closed subset U C i?, and sei J-y = {m £ J f7 n m = 0}. TTien we /lave </ie 
following: 

(a) One /ias an isomorphism T a (T) = LI m6 jFnV(a) ^( m )> which is R b -linear for 
each ideal b C a, and 

Su PPfl (r a (T)) - Su PPfl (T) n V(a) = {m e T n V(a) | T(m) ^ 0}. 

(b) One /ias an isomorphism U~ 1 T = U TOg jr T(m). TTiis isomorphism is V~ 1 R- 
linear for each multiplicatively closed subset V C {/. >l/so, one /ias 

Supp^C/^T) = Sup PjR (T) n = {m 6 J" | C/ n m = and T(m) ^ 0}. 

(c) is noetherian, then one has an isomorphism R a <S>rT = LI me jr n y( a ) T(m), 
which is R b -linear for each ideal b C o. 

Proof, (jaj) Since each module T(m) is m-torsion and m is maximal, Lemma [2~3l can 
be used to show that 

'T(m) ifnCm 
if a % m. 

This explains the i?-module isomorphism T a (T) = LImeJ r nv(a) -^( m )' Lemma l2~27 laj) 
shows that it is also i? b -linear. The description of Supp fl (r a (T)) follows from 
Lemma I2.4t|b|) , with a small amount of work. 
(0 We claim that 

tr*T(m) * | T(m) if :? (2.6.1) 

v ; [0 ifC/nm^0. v 7 

If £7 n m ^ 0, say with ueC/flm, then T(m) is u-torsion so {7 _1 T(m) = 0. In the 
case where UDm = 0, the isomorphism [/~ 1 T(m) = T(m) follows from Lemma[ 



Ta(T(m)) 
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The isomorphism U 1 T = ]J me jr T(m) follows from (|2.6.1|) as in part (jaj), using 
Lemma Tl. 121 The description of Supp fl (f7~ 1 T) follows from Lemma l2~^0| b"| . with a 
little work. 

(jcj) Using Facts ITT21 and 12. llf b|). one see that 



R a ® R T(m 



This explains the ^''-isomorphism R a ® R T = Ylmemvia) ^X m )i as m P ar ^ @- ^ 

Lemma 2.7. Let c be an intersection of finitely many maximal ideals of R. Let 
U C R be a multiplicatively closed set, and let T be a c-torsion R-module. Let 
T = {m G Supp fl (T) | m fl U = 0}, and set V — R \ U me jrm and b = n me jrm. 
Then there are R-module isomorphisms 

and Supp fl ([/ _1 T) = T . 

Proof. Note that we have U C V, so Lemmas 12.51 and I2.6[fb|) provide the isomor- 
phisms f/- 1 T [J m£j T m = V _1 T and the equality Supp^C/^T) = J 7 , and we 
have r b (T) = T] m£ ^ T m by Lemmas E3 and l^laj) . □ 

The next two results are proved like Lemma 12.71 and [6] Lemma 3.7]. 

Lemma 2.8. Let c fee an intersection of finitely many maximal ideals of R. Let a 
be an ideal of R, and let T be a c-torsion R-module. Set J- — V(a) n Supp^(T), 
b = n me jrm, and U = R \ U me jrm. Then we have 

E me ^r m (T) = r (T) = r b (r) = u~ 1 t. 

The sum is a direct sum, and we have Supp fl (Tf,(T)) = J- . 

Lemma 2.9. Let a be an ideal of R. Let L and T be R-modules such that T is 
a-torsion and a n L = a n+1 L for some n ^ 0. Then T <£> R (a n L) = and 

T® R L = T® R (L/a n L) £ (T/a"T) ® R {L/a n L). 

Lemma 2.10. Let a be an ideal of R, and let T be an a-torsion R-module. Then 
T is a noetherian (respectively, artinian or mini-max) as an R-module if and only 
if it is noetherian (respectively, artinian or mini-max) as an R a -module. 

Proof. Fact 12.1 [[ all implies that T is an i? a -module. 

Since the i?-submodules of T and the i? a -submodules of T are the same by 
Fact I2.lfl d|). they satisfy the descending chain condition simultaneously, and the 
artinian case follows. Similarly for the noetherian case. 

For the mini-max case, suppose that there is an exact sequence of -R-module 
homomorphisms 0— > A — > T — > N — > 0. Since T is a-torsion, so are A and N. 
Lemma I2.2[[ af implies that the given sequence consists of i? a -module homomor- 
phisms. Since A is artinian over R if and only if it is artinian over R a , and N 
is noetherian over R if and only if it is noetherian over R a , it follows that T is 
mini-max over R if and only if it is mini-max over R a . □ 
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Lemma 2.11. Assume that R is noetherian, and fix an ideal a C R. For each 
p £V(a) we have 

E Ra (R a /pR a ) - E R (R/p) - E Rp (R v /pR p ). (2.11.1) 

The first isomorphism is R a -linear, and the second one is R? -linear. Also there are 
R a -module isomorphisms 

E r° = UmE m -Spcc(«)ny (a ) E«(i2/m) - T a (E R ). (2.11.2) 
In particular, the module E^ a is a-torsion. 

Proof. Let p 6 V(a). Since R/p and E R (R/p) are p-torsion, they are a-torsion, 
so they have natural i? a -module structures. Moreover, R/p C E R (R/p) is an R a - 
submodule by Fact EI® , and Fact H~2l shows that R a /pR a = R/p. Note that 
this isomorphism is i? a -linear by Lemma l2.2tjaf since the modules in question are 
a-torsion. 

Claim: The essential extensions of R/p as an R- module are exactly the essential 
extensions of R/p as an i? a -module. First, let L be an essential extension of R/p as 
an i?-modulc. Since E R (R/p) is a-torsion and is a maximal essential extension of 
R/p it follows that L is a-torsion. By Fact I2.1[j al). L is an i?°-module. Let L'CL 
be a non-zero i? a -submodule. By restriction of scalars, L' is an i?-module. Since L 
is essential as an i?-module, we have L' DR/p ^ 0. Thus L is an essential extension 
of R/p as an i? a -module. A similar argument shows that any essential extension of 
R/p = R a /pR a as an i? a -module is also an essential extension as an i?-module. 

From the claim, it follows that the maximal essential extensions of R/p as an 
R- module are exactly the maximal essential extensions of R/p as an J? a -module, so 
E^„(i?/p) = E R (R/p). This isomorphism is i? a -linear by Lemma |2~27| 5| . 

Since p is an arbitrary element of V(a), the special case a = p shows that 
E R (R/p) = E^ f (R p /pR p ) so we have the second isomorphism in (|2.11.ip . The 
first isomorphism in (|2.11.2[) now follows from Fact 1 1.2 1 and (|2.11.1[) . Lemma 
explains the second isomorphism in (|2.11.2j) . □ 

The final result of this section compares to part of [6j Lemma 1.5(a)]. 

Lemma 2.12. Assume that R is noetherian. Let a be an ideal of R, and let T 
be an a-torsion R-module. Then there is an isomorphism T y ^ = T y ( R ' that is 
R b -linear for all ideals b C a. 

Proof. This is a consequence of the next display 

Uom R {T,E) S Hom£ a (T, T a (£)) £ Hom fie (T,^ g .) 

which follows from Lemma l2~2t|b1) with Lemma \2. Ill □ 

3. Artinian and Mini-Max Modules 

We begin this section with an important observation of Sharp |llj . 

Fact 3.1. Let A be an artinian i?-module. By [TTJ Proposition 1.4], there is a 
finite set T of maximal ideals of R such that A is the internal direct sum A = 
Emej' 1 " 1 ^)' Consequently, Lemmas 12.41 and 12.61 apply to the module T — A. In 
particular, any localization U~ 1 A is naturally a submodule of A by Lemma [2T6ljb|) 
so it is artinian over R and hence over V _1 R for each multiplicatively closed subset 
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V C U. Furthermore, any torsion submodule Tb(A) is naturally a submodule of 
A by Lemma I2.4f [cf and I2.6f faj) so it is artinian over R and hence over R a for each 
ideal a C b. If R is noetherian, then any torsion submodule ^b(A) = R b ®r A is 
naturally a submodule of A by parts (jaj) and (jej) of Lemma l2~6l so it is artinian over 
R and hence over R a for each ideal a C b. 

Lemma 3.2. Let L be an R-module. Then L is artinian if and only if Swpp R (L) 
is a finite set and L p is artinian over Rp for each p G Supp^(L). 

Proof. The forward implication follows from Lemma 12 .4lfLT|) and Fact 13.11 

For the reverse implication, assume that Supp fl (L) = {pi, . . . , ph}, and that L Pi 
is artinian over R Pi for i — 1, . . . , h. Let L — Lq D L\ D Li D • • • be a descending 
chain of i?-modules. Since L Pi — (Lo) Pi D {L\) Pi 2 (L^jpi 2 • • ■ stabilizes for 
i = 1, . . . , h, we may choose j £ N so that (Lj) Pi = (Lj +n ) Pi for i = 1, . . . , h and for 
all n G N. For each p G Spec(i?) \ Supp R (L), we have L p = 0, so (Lj) p = (Lj +n ) p 
for all n G N. Hence, we have Lj = Lj +n for all n G N, and L is artinian. □ 

Now we talk about another class of modules, motivated by Fact 11.61 

Lemma 3.3. Fix an R-module L such that Rj Ann^(L) is semi-local and complete. 

(a) The set m-Spcc(i?) n Supp fl (L) = m-Spec(i?) n V(Aimn(L)) is finite and nat- 
urally in bijection with m-Spec(i?/ Ann^(L)). 

(b) If R is noetherian, then m-Spec(i?) n Supp^(L) = m-Spec(i?) n Supp^(X v ). 

Proof, (jaj) Set R = Rj Ann^(L). We assume L ^ 0. Let -k: R — > R be the natural 
surjection and n* : Spec(i?) — > Spec(i?) the induced map given by 7r*(p) = 7r _1 (p). 
Since L p = for all p not containing Ann^(L) we get Supp fl (L) = 7r*(Supp-^r(L)). 
Therefore, m-Spec(i?) n Supp fl (L) = 7r*(m-Spec(E) n Supp^L)). 

The ring R ^ is semi-local and complete, so it is a finite product of non- 
zero complete local rings, say R = YYi=i Ri- Since L is an i?-module we have 
L = n"=i Li where Li is an i?i-module. By construction Ann^-(L) = 0, so Li ^ 
for all i. Thus m-Spec(i?) C Supp-^-(L). This explains the second equality in the 
following display. The last equality is standard. 

m-Spec(i?) n Supp fl (L) = 7r*(m-Spec(!R) n Supp-^(L)) 

= vr*(m-Spec(i?)) 

= m-Spec(i?) n V(Axm R (L)) 

As R is semi-local, this set is finite. 

Jbj) Assume that R is noetherian. Fact II .41 implies that the ring Rj Amifj(L v ) = 
R/ Aim R (L) is semi-local and complete, so part (jaj) implies that 

m-Spec(i?) n Supp fl (L v ) = m-Spec(i?) n V{kim R {L v )) 

= m-Spec(E) n V{Arm R (L)) 

= m-Spec(i?) ("I Supp H (L) 

completing the proof. □ 

The next result compares directly with Fact 12.11 and Lemma I2.2f [aj) . 

Lemma 3.4. Assume that R is noetherian. Let L be an R-module such that 
R/ Arm R {L) is semi-local and complete. Set b = n mem _s P oc(fl)nSupp H (L)Tri; and 
let a C b. 
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(a) L has an R a -module structure that is compatible with its R-module structure 
via the natural map R — > R a . 

(b) The natural map L — > R a (3 R L is an isomorphism of R a -modules. 

(c) The left and right R a -module structures on R a (£) R L are the same. 

(d) A subset Z C L is an R-submodule if and only if it is an R a -submodule. 

(e) If L' is an R a -module (e.g., L' is an a-torsion R-module), then YLotii r (L, L') = 
Homjj, (L, L'). 

Proof. Assume without loss of generality that L ^ 0. The fact that R is noetherian 
implies that R a / Ann R (L)R a is isomorphic to the o-adic completion of Rj Ann R (L). 
jig) There is a commutative diagram of ring homomorphisms 

R >R a 

(3.4.1) 

Rj Axm R (L) — =->■ R a / Amx R {L)R a . 

The map in the bottom row is an isomorphism because Rj Annp(L) is semi-local 
and complete with Jacobson radical b/ Ann^ (L); this uses Lemma [3~3lj al) . Since L 
has an Rj Ann/j(L)-modulc structure that is compatible with its i?-module struc- 
ture via the natural map R — > R/ Axm R (L), the isomorphism in the bottom row 
shows that L has a compatible R a / Ann fl (L)i? a -module structure. It follows that 
L has a compatible i? a -module structure. 
Diagram (|3.4.1j) shows that 

L = (R/ Ann R (L)) ® R L = (R a / Ann R (L)R a ) ® R L = R a ® R L 

and the desired conclusions follow readily. 

© The subset Z C L is an i?-submodule if and only if it is an R/ Axm R {L)- 
submodule. The isomorphism in diagram p.4.1[) shows that Z is an R/ Aim R (L)- 
submodule if and only if it is an R a / Ann/j(L)i? a -submodule, that is, if and only if 
it is an R a - submodule. 

(jej) This is proved like Lemma l2T2T [aj) using part (fbj). □ 

The next two results compare directly with Lemma \2.10\ and [BJ Lemma 1.20]. 

Lemma 3.5. Assume that R is noetherian. Let L be an R-module such that 
R/ Amifj(L) is semi-local and complete. Set b — n mein _g pec (^) n s U pp H (£)m, and 
let a C b . Then L is noetherian ( respectively, artinian ) over R if and only if it is 
noetherian (respectively, artinian) over R a . 

Proof. From Lemma l3T4"ljd| we have {i?-submodules of L} — { i? a -submodules of L}. 
Thus, the first set satisfies the ascending (respectively, descending) chain condition 
if and only if the second one does. □ 

Lemma 3.6. Assume that R is noetherian, and let L be an R-module such that 
Rj Amif{(L) is semi-local and complete. Set b = n mem _s p0 c(i?)nSupp R (L)iTi, and let 
a C b . Then the following conditions are equivalent: 

(i) L is mini-max as an R-module; 

(ii) L is mini-max as an R a -module; 

(hi) L is Matlis reflexive as an R-module; and 
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(iv) L is Matlis reflexive as an R a -module. 

Proof. Assume without loss of generality that L ^ 0. 

(JTJ) <^=^ (fTTJ) Let Z C L be a subset. Lemma l3^4l[d|) says that Z is an i?-submodule 
if and only if it is an i? a -submodule. Assume that Z is an i?-submodule of L. 
Lemma |3"1)1 shows that Z is noetherian as an i?-module if and only if it is noetherian 
as an i? a -module, and the quotient L/Z is artinian over R if and only if it is artinian 
over R a . 

fU <=> ([mj) This is an immediate consequence of Fact 11.61 

(0 •<=>■ (Ev| The fact that R is noetherian and Rj Ann^(L) is complete explains 
the isomorphism in the next display 

R/ kxm R {L) £ R a /Axm R (L)R a -» R a / Ann^(X). 

The epimorphism comes from the containment ArniR(L)i? a C Anng a (L). Thus, 

the fact that R/ Ann^(L) is semi-local and complete implies that R a J Anng a (L) is 
semi-local and complete. Hence, the equivalence (|n]) (trvT) is a consequence of 
Factm □ 

Lemma 3.7. Assume that R is noetherian. Let M be a mini-max R-module and 
let U C J? be multiplicatively closed. Then U~ 1 AI is a mini-max U~ 1 R-module and 
the quantities fJ- R (p, M), Pf'ip, M) are finite for all i ^ and all p £ Spec(i?). 

Proof. The claim that U~ 1 M is a mini-max C/~ 1 i?-module follows from the fact 
that localization is exact and localizing a noetherian (artinian) i?-module at U 
yields a noetherian (artinian) f/ _1 i?-module; see Fact 13. II Therefore, the remaining 
conclusions follow from the local case, using the localization behavior of Bass and 
Betti numbers from Remark 1 1.1 6( see [H Lemma 1.19]. □ 



Our next result compares to part of [6J Lemma 1.21] 



Lemma 3.8. Assume that R is noetherian. Let L be an R-module such that 
R/ Annf{(L) is artinian. Then the following conditions are equivalent: 

(i) L is mini-max over R; 

(ii) L is Matlis reflexive over R; 
(hi) L has finite length over R. 

Proof. The implication (fmj) ==>• |IJ is routine, and the equivalence ((TJ) (jn| is 

from Fact 11.61 

(jTJ) =>• (Hn} Assume that L is mini-max. Then L is mini-max as an Rj Axm^L)- 
module. Over an artinian ring every indecomposable injective module has hnitc 
length and the prime spectrum is a finite set. By Remark [l.l7[[ af and Lemma [3~7l the 
injective hull of L as an Rj Ann^(L)-module is a finite direct sum of indecomposable 
injective Rj Ann^(L)-modules. Thus, L injects into a finite length module. Hence 
L has finite length. □ 

Lemma 3.9. Assume that R is noetherian, and let a be an ideal of R. If M is a 
mini-max R-module, then R a (Sr M is a mini-max R a -module. 



Proof. Let M be mini-max over R, and fix an exact sequence of i?-module homo- 
morphisms 0— > N M — > A— > where N is noetherian over R and A is artinian 
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over R. The ring R a is flat over R since R is noetherian, so the base-changed 
sequence 

-> R a ® R N -> # a ®ij M -> R a ® R A -> 

is an exact sequence of i? a -module homomorphisms. The i? a -module i? a ®fl iV is 
noetherian. Fact 13. f I implies that the i? a -module i? a ®a A is artinian, so i?° <g>R M 
is mini- max over R a . □ 

4. Isomorphisms for Ext R (T, L) 

This section contains the proof of Theorem |TT] (in I4.2|) and other isomorphism 
results that are used in later sections. 

Lemma 4.1. Assume that R is noetherian. Let I be an infective R-module, and Q 
a finite subset o/m-Spec(i?). Set b = n me gm and V — R \ U me gm, cmc? Zei {/ CF 
be multiplicatively closed. Then the natural map 1^(1) — > F^J/ -1 /) is bijective. 

Proof. Write I = U peSpcc(fl) ErWp)^ ■ By Fact [TH and Remark [TT7|H(, the 
natural map p: I —> U^ 1 ! is a split surjection with Ker(p) = U pnl /^g E^fi/p)^"). 
Since p is a split surjection, it follows that T b (p): T h (I) — > r [l (C/ -1 /) is a split 
surjection with Ker(r&(p)) = F&(E.R(-R/tO) ^- Thus, it remains to show 

that r 6 (E fl (ii/p)) = when p n U ^ 0. 

Assume that p n {/ ^ 0. Then p n V ^ 0, so p m for all m G <?. Since 
is a set of maximal ideals it follows that m p for all m G Hence, we have 
b = n me gm p since Q is finite. Fact 11.131 implies that F[ 1 (Efl(i?/p)) = and the 
result follows. □ 

4.2 (Proof of Theorem HI)) . Let J be a minimal injective resolution of L. If p G 
Spec(i?) \ Supp ij .(L), then the condition L p = implies that E^(i?/p) does not oc- 
cur as a summand of any P\ see Remarks ll.l6l and ll.l7tj aj). For all m G m-Spec(i?)\ 
J 7 , either m ^ Supp fl (T) or m ^ Supp^(L), so either T m = or r m (7) = by the 
above remark. Note that T m is m-torsion since either T m = or ci? m = mi? m . Thus, 
Lemma O© implies that Hom#(T m , J) ^ Hom i? (T m , r m (/)) = for all m £ J". 
Since Suppjj,(T) and Q both contain J 7 , this explains step (3) in the next display 

(i) 

Hom fl (T,/) = Hom fl (TJ meS upp R (T) T m ' / ) 

(2) 

- UmeSupp H (T) Hom fi( T tn>-0 
(3) 

= U meg Hom fi (T m ,7) 

(4) 

= IJ raeS Hom fl (T m ,r m (7)) 

(5) 

= II me5 Homfl(T m ,r m (/ m )) 

- Llmee Hom fl (T m , I m ) 

(7) 

= Llmee Hom «m( T m,^m) ■ 

Step (1) comes from Lemmas I2.4f [ci) and 12.51 and (5) is from Lemma T4. II Step (2) 
is standard, since Supp fi .(T) is finite. Lemma [2~2l| bl) and Facts [TTT5fll.l4l explain 
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steps (4) and (6), respectively, and step (7) is from Lemma 11.121 Since I m is an 
i? m -injective resolution of L m , it follows that Ext#(T, L) = ]J mgg Ext# m (T m , £ m ). 

Set fa = n me gm. For each m E m-Spec(-R), the module T m = T m (T) is m-torsion 
by Lemmas l2T4T faj) and 12.51 Thus T m is an i? m -module, and so is Ext Rm (T m , L m ). 
Thus, the coproduct Ext^(T, L) = ]J m6 g Ext^. m (r m (T), L m ) is a module over the 
product R b = YimeG usm S componentwise multiplication. By restriction of 
scalars, this is also a module over R a for each a C fa. 

The first i? m -module isomorphism in the next display is from [51 Lemma 4.2] 

Exf flm (T m , L m ) S Ext'g. (T m , i? m ®j? m L m ) = Ext^ m (r m (T), £ m ® R L). 

The second isomorphism is from Lemmas I2.4[j a| and 12. 5[ and using the standard 
isomorphism R m <%>n m L m = R m L. Since these isomorphisms are i? m -linear for 
each m, the induced isomorphism on coproducts ]J m6 g Ext~ m (F m (T)7 R m &>R L) = 

Ilmee Extfl ro (T m , L m ) is linear over the product R b — Yl me g R m hence over R a for 
each a C fa. □ 

In the next result, one can take o = n me gm, for instance. 

Theorem 4.3. Assume that R is noetherian, and let c be an intersection of finitely 
many maximal ideals of R. Let T and L be R-modules such that T is c-torsion, 
and set T = Supp^(T) n Supp^(L). Let a be an ideal of R such that T C V(a), 
and let U C R \ U me jF-ra be a multiplicatively closed set. Then for all i ^ there 
are R-module isomorphisms 

Ext^ (r (T), R a <Ei R L) S Extjj(T, L) S Ext'y-i^t/- 1 ! 1 , U~ l L). 
The first isomorphism is R a -linear. 

Proof. For the first isomorphism, we first set fa = n me jFtn 2 0- Note that there 
is a bijection T — > m-Spec(i? b ) given by m H> mR b ; see Fact 11.21 Also, the mR b - 
adic completion of R b is naturally isomorphic to R m , and we have ^ mR t, (Tf,(T)) = 
^m{T). Thus, Theorem HT1 explains the following R -module isomorphisms 

Ext^ (r b (T), R b ® R L) S U me ^Ext^ m (T mRb (T 6 (T)), i? m ® g6 (i? b ® fl L)) 

= U m ^Ext^ m (r m (T),^® fl L) 

-Ext^(T,L). 

The condition a C fa implies that there is a natural ring homomorphism R a — > 
i? b that is compatible with the maps R —> R a and i? — > R b . Thus, the above 
isomorphisms are i? a -linear. Furthermore, the same logic explains the first R a - 
module isomorphism in the next sequence. 

Ext^(r (T),i? a <8) R i)SExtl 6 (r b ^(r a (T)),E 6 (8)^ (R a ® R L)) 

^Extl 6 (r b (r a (T)),E b ® r l) 

SExtl 6 (r b (T),E b ® fl L) 

Combining the two sequences of isomorphisms, we conclude that Ext^(T, L) = 
Ext^(r (T),i? a ® fl L). 

For the second isomorphism, let / be a minimal injective resolution of L. Using 
prime avoidance, one shows readily that {m E Supp fl (T) | m PI U = 0} = T . The 
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logic of steps (l)-(3) from the proof of Theorem ILT1 explains step (1) in the next 
display: 

Rom R (T,I) i U me ^Hom fl (T m ,/) 

(2) 

= Hom R (l[ me jrT m , I) 

(3) 

S Hom fl (r 6 (T),7) 

( ^Hom fi (r fa (r),r fa (/)) 

(5) 

- Hom fl (r b (T) ) r b (i7- 1 /)) 

(6) 

s Hom^ryr),^- 1 /) 

(7) 

^ Hom fl (C/- 1 T,C/- 1 /) 

= Kom u -i Ii (U- 1 T, U^I). 

Step (2) is standard, as T is finite. Steps (3) and (7) are by Lemma [2~7l Steps (4) 
and (6) are from Lemma [2~2t|b)l . Step (5) is by Lemma |4~T1 Step (8) is Lemma [1. 121 
Taking cohomology, one has Ext^(T, L) = Ext^-i^Z/ -1 ! 1 , U~ l L). □ 

Corollary 4.4. Assume that R is noetherian, and let c be an intersection of finitely 
many maximal ideals of R. Let T and L be R-modules such that T is c-torsion. 
Let U C R be a multiplicatively closed set and let a be an ideal of R. Then there 
are isomorphisms Ext l R (U T, L) = ~Ex±\j-i R (U~ 1 T 1 U~ 1 L) and Ext^,(T a (T), L) = 
Ext~ a (r a (T), R a (£> R L) for all i. The first isomorphism is U~ l R-linear, and the 
second one is R a -linear. 



Proof. In the next sequence, the first isomorphism is from Theoerem[ 

Ext^U-^L) = Exti / -i fl (C/" 1 (C/" 1 r),C/" 1 J L) ^ Ext\ 7 - lR (U- 1 T, U^L). 

This uses the fact that U~ 1 T is c-torsion over R with the equality Supp fl (?7 _1 T) = 
{m € Supp fl (T) | m n U = 0} from Lemmas 12.51 and 12.71 These isomorphisms are 
£/ _1 i?- linear by Lemma H. 121 

Similarly, we have the next i? a -module isomorphisms by Theoerem[ 



Ext l fl (r (T), L) = ExtV o (T a (T a (T)),R a ® R L) £* Ext* go {T a (T), R a ® R L) 

using the torsionness of T a (T) and the equality Supp J? (r a (T)) = Supp fi (T) n V(a) 
from Lemmas 12.51 and 12.81 □ 



Our next result compares to [51 Theorem 4.3]. 

Theorem 4.5. Assume that R is noetherian, and let c be an intersection of finitely 
many maximal ideals of R. Let T be a c-torsion R-module, and let M be a mini-max 
R-module. Let J- be a finite subset o/m-Spec(i?) containing Supp H (T)nSupp^(M), 
and set b = n me ^m. Then for all i there are R b -module isomorphisms 

Exf fl (T, M) S Ex%, [Rom R (M, E nt ),T b (T) v ) 

= LU.F ExtV, (Hom fl (M, E R (R/m)), r m (T) v ). 
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Proof. Lemma E12] provides an fl b -module isomorphism (r b (T)) v ( R ) S T b (T) v . 
Lemma [3791 implies that R b <S> R M is mini- max over R b . Since R b is semi-local and 
complete, Fact 11.61 shows that R b <3 R M is Matlis reflexive over R b . 

Theorem 14.31 provides the first i? b -module isomorphism in the next sequence: 

Ext*j(T, M) £- Ex% (r b (T), R b ® R M) 

-Ext^((i?" ® fl M) v <*'>,r 6 (T) v < fii >) 

= Ext^ (Hom fl (M, ££ 6 ) , r 6 (T) v ) . 

The fact that R b ® R M is Matlis reflexive over R b explains the second isomorphism. 
The third and fourth isomorphisms are from adjointness. This explains the first 
isomorphism in the statement of the theorem. To verify the second isomorphism in 
the statement of the theorem, argue similarly, using the isomorphism 

Ext^(T, M) * LU^ Ext^ m (r m (T), R m ® R M) 

from Theorem HI1 □ 

Remark 4.6. The previous result shows that if R is noetherian, A is artinian, and 
M is mini-max, then Ext^.(A, M) can be computed as an extension module over a 
complete semi-local ring with a Matlis reflexive module in the first component and 
a noetherian module in the second component. Alternatively, it can be computed 
as a finite coproduct of extension modules over complete local rings with Matlis 
reflexive modules in the first component and noetherian modules in the second 
component. Specifically: 

(a) The ^-module Rom R (M, E Rb ) = (R b <g> R M) v ^") is Matlis reflexive. In- 
deed, the proof of Theorem 14.51 shows that R b &> R M is Matlis reflexive over R b , 
hence, so is {R b ® R M) W ( R ) = Hom R (M, ); the isomorphism is from Hom- 
tensor adjointness. 

(b) The i? b -module T b (A) is artinian by Fact 13. 11 hence Matlis reflexive by 
Fact 11.61 since R b is semi-local and complete. 

(c) The ^-module T b {AY S (T b (A)) v ^ 1 ^ is noetherian (hence Matlis reflex- 
ive). Indeed, as R b is semi-local and complete and T b (A) is artinian over R b by 
FactEU the fact that (T b (A)) v ^ b '> ^ T b (A) v is noetherian over R b follows from 
Theorem 1.6(3)]; see Lemma \2. 121 

Similarly, Bom R (M,E R (R/m)) (R m (g) fl M) v ^ is a Matlis reflexive R m - 
module, r m (^4) is an artinian (hence Matlis reflexive) i? m -module, and r m (A) v = 
(T m (A)) v ( R ' is a noetherian (hence Matlis reflexive) i? m -module. 

The following result shows, e.g., that extension functors applied to two artinian 
modules over arbitrary noetherian rings can be computed as a finite coproduct of 
extension functors applied to pairs of noetherian modules over complete local rings. 

Corollary 4.7. Assume that R is noetherian, and let c be an intersection of finitely 
many maximal ideals of R. Let T be a c-torsion R-module, and let A be an artinian 
R-module. Let T be a finite subset o/m-Spec(i?) containing Supp fl (T) (~lSupp fl (A). 
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Setting b — P\ m i=rm, we have R b -module isomorphisms 
Ext^(T,A) = Ext^(r,(A) v ,r t ,(T) v ) = ]J Ext^ m (r m (A) v ,r m (T) v ) 

= Ex%,(r b (A) v(i?l,) ; r b (T) v(i?l,) ) - [J Ext^ m (r m (A) v(i?m) ,r m (T) v(fim) ). 

Proof. The first isomorphism in the next sequence is from adjointness and is i?^- 
linear by general principles: 

Rom R (A,E Rb ) - (R b 2>rA) v ^^ = T b (A) s/ ^ t " ) = T b (A) v . 

The second isomorphism is from Fact 13.11 and the third one is from Lemma 12.121 
This explains the second isomorphism in the next sequence: 

Ext R (T,A) SExti b (Hom fl (A^ 6 ),r 6 (T) v ) - Ext^, (r b (A) v , r b (T) v ). 

The first step is from Theorem 14. 5 1 The other isomorphisms from the statement of 
the corollary are verified similarly. □ 

5. Properties of Ext^(M, -) and Torf(M,-) 

This section and the next one contain the proof of Theorem |U 

Ext. This subsection contains non-local versions of results from 6, Section 2]. 

Theorem 5.1. Assume that R is noetherian. Let A and B be R-modules such 
that A is artinian. Let T be a finite subset o/m-Spec(i?) containing Supp^(A) n 
Supp fl (B). Let a = n me jrtn, and assume that i is such that fJ. R (m, B) is finite 
for all m € Supp R (A) n Supp ij .(i?). Then ~Exk R (A, B) is a noetherian R a -module. 

Proof. Theorem ITll provides an i? a -module isomorphism 

Ex4(A,M) = U me ^Ext^ m (r m (A),i? m ® r m). 

The proof of Theorem ID also shows that Ext ~ m (r m (A), R m ® R M) = for all 
m e T \ (Supp H (A) n Supp i? (B)). 

Since the set T is finite, it suffices to show that Ext~ m (T m (A), R m ® R M) is noe- 
therian over R m for each m G T . (See the discussion of the i?"-module structure 
in the proof of Theorem ILT1) From the previous paragraph, it suffices to consider 
m £ Supp fl (A) nSuppjj(-B). To this end, we invoke j6j Theorem 2.2]. To apply this 
result, note that Fact 13.1 1 implies that r m (A) is artinian over R m , and a straight- 
forward computation shows that /z~ m (R m <3 R B) = fi R (m, B), which is finite. □ 

5.2 (Proof of Theorem Hljaj) ) . Combine Lemma 13.71 and Theorem 15. II □ 

Given that so many of our previous results are for torsion modules (not just 
for artinian ones) we include the following example to show that torsionness is 
not enough, even in the local case. Similar examples show the need for finiteness 
conditions in other similar results. 

Example 5.3. Let k be a field, and let fcW be a fc-vector space of infinite rank 
[i. Then is m-torsion where m = is the maximal ideal of k. However, the 
module Hom^fc^), k) = fc M is not noetherian (or artinian or mini-max) over k = k. 
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Theorem 5.4. Assume that R is noetherian. Let M and M' be mini-max R- 
modules, and let i 0. 

(a) If the quotient ring R/(Aim R (M) + Ann^j(M')) is semi-local and complete, 
then Ext^(M, M') is a Matlis reflexive R-module. 

(b) If R/(Ann R (M)+Ann R (M')) is artinian, then Ext R (M, M') has finite length. 

Proof, (jaj) Fix a noetherian submodule N C M such that M/N is artinian. The 
containments 

Axm R (M) + Ann R (M') C Ann R (N) + Arm R (M') C Ann R (Ext R (N, M')) 

provide an epimorphism: 

R/(Axm R (M) + Aim R {M')) -» Rj Axm R {Ext R {N , M')). 

Therefore, R/ Arm R (Ext R (N,M')) is semi-local and complete. Thus, Facts fl~6| llJl 
and [L8lfcj) imply that Ext R (N,M') is Matlis reflexive over R. 

Since M/N is artinian, the set Supp fl (M/A) n Supp fl (Af) C Supp fl (M /N) is 
finite. As above, the ring R/ Arm R (Ext R (M/N, M')) is semi-local and complete, so 
Lemma ESjaj) implies that the set m-Spec(i?) n Supp R (Ext R (M/N, M')) is finite. 
Thus, the union 

T := (Sup Pi? (M/A) n Supp fl (M')) U (m-Spec(i?) n Supp R (Ext R (M / N , M'))) 

is finite. Set a := n me jF-m. Theorem [Hjaj) implies that Ext#(M/iV, M') is mini-max 
as an i? a -module, so it is Matlis reflexive over R by Lemma [3761 Thus, Fact ll.9t|b|) 
implies that Ext R (M,M') is also Matlis reflexive over R. 

jbj) Lemma [3751 implies that Ext R (M,M') has finite length, because of (jaj). □ 

5.5 (Proof of Ext-portion of Theorem Hljcj)). Fact ll. 61 implies that R/ Am\ R (M') is 
semi-local and complete, hence so is R/(Am\ R (M) + Arm R {M')). Theorem 15 .4f pj) 
implies that Ext^(M, M') and Ext R (M' , M) are Matlis reflexive over R. □ 

Corollary 5.6. Assume that R is noetherian. Let M be a mini-max R-module, 
and let M' be a finite length R-module. Then Ext^(M, M') and Ext^(M', M ) have 
finite length over R for all i 0. 

Proof. Argue as in 15.51 using Theorem 15 .4t|bj) . □ 

Proposition 5.7. Assume that R is noetherian. Let A be an artinian R-module 
and M a mini-max R-module. Let T be a finite subset of m-Spec(-R) containing 
Supp fl (A)nSupp^(Af), and set b — n m gjrm. Then Ext^,(M, A) is a Matlis reflexive 
R b -module for all i 0. 

Proof. Fix a noetherian submodule N C M such that M/N is artinian. Fact ll.8l| cf) 
implies that Ext R (N,A) is an artinian R- module. Since N is noetherian, we have 

Supp i j(Extjj(iV, A)) C Supp fl (iV) n Su PPfl (A) C Supp fl (M) n Su PPfl ,(A) C T. 

Lemma l2.4[j cj) and Fact 13.1 1 imply that Ext R (N,A) is b-torsion, so Lemma 12.101 
implies that Ext R (N, A) is an artinian _R b -module. By Theorem Hljaj) we have that 
Ext R (M/N, A) is a noetherian i? b -module. Since J 7 is a finite set of maximal ideals, 
the ring R b is semi-local and complete. Hence, Fact ll. 6l implies that the i? b -modules 
Ext R (N, A) and Ext R (M/N,A) are Matlis reflexive. Therefore, Ext R (M,A) is a 
Matlis reflexive # b -module by Facts O and jTJtlbl) . □ 
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Proposition 5.8. Assume that R is noetherian. Let M be a mini-max R-module 
and N' a noetherian R-module such that R/(Aim R (Al ) + Ann (AT')) is semi-local 
and complete. Let J- be a finite subset of m-Spec(i?) containing m-Spec(i?) PI 
V r (Ann fl (M)) nSupp H (iV') ; and set b = n me ^m. Then Ext^(M, N') is noetherian 
over R and over R for all i ^ 0. 

Proof. Let N be a noetherian submodule of M such that M/N is artinian. Be- 
cause of the containment Supp i? (M) C V(Ann^(M)), the fact that the quotient 
Rj (Ann R (M) + Annn(N')) is semi-local implies that the intersection m-Spec(i?) n 
Supp fl (M) n Supp i? (iV / ) is finite. Also, the containment Ann R (M) + Aim R (N') C 
Ann^(Ext^.(M, N')) provides a surjection 

R/(Azm R {M) + Azm R {N')) -» RJ Ann fl (Ext^(M, N')) 

so we conclude that R/ Aim R (Ext R (M, N')) is semi-local and complete. From 
the containment Ann^(M) C Ann R (M/N) n Aim R (N), we also conclude that 
the quotients Rj Ann fl (Ext l fl (M/iV, N')) and Rf Anni J (Ext^(A r , N')) are semi-local 
and complete. 

Since M/N is artinian, we have Supp R (M/N) C m-Spec(i?), so 
T D m-Spec(i?) n V{Ann R (M)) n Supp R (N') 
2 m-Spec(E) n Supp H (M) n Supp fl (A') 
D m-Spec(i?) n Supp R (M/N) n Supp^(A') 
= Supp R (M/N) n Sup Pi? (7V'). 

It follows by Theorem Djsj) that Ext R (M/N,N') is a noetherian # b -module. Fur- 
thermore, since N' is noetherian, we have 

T D m-Spec(i?) n V(Aim R {M)) n Supp^(A') 

3 m-Spec(i?) n V(Aim R {M/N)) n V(Aim R (N')) 

D m-Spec(i?) n V(Aim R {Ext R (M/N, N'))) 

= m-Spec(fl) n Supp R (Ext R {M/N, N')) 

where the last equality follows from Lemma r5T5Tf 5l) since Rj Annfl(Ext^(M/A r , N')) 
is semi-local and complete. Thus, Lemma 13.51 implies that Ext l R (M/N,N') is a 
noetherian i?-module. 

Since N and N' are noetherian over R, so is Ext l R (N, N'). Fact ll.9lf b| implies 
that Ext R (M, N') is also noetherian over R. Arguing as above, we find that 

T D m-Spec(i?) n Supp H (Ext' fl (M, N')) 

so Lemma |3"1)1 implies that Ext R (M, N') is a noetherian i? fa -module. □ 

Tor. This subsection contains non-local versions of results from [SJ Section 3]. As 
we see next, it is easier to work with Tor since we can work locally. 

Theorem 5.9. Assume that R is noetherian. Let A and B be R-modules such that 
A is artinian. Let b C n mg g upp (^)nSupp R (B) m > an d assume that i ^ is such that 
/3^(m, B) is finite for all m £ Supp^(yl) n Supp fl (S). Then Torf '(A, B) is artinian 
over R and b-torsion, hence it is an artinian R b -module. 
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Proof. To show that Torf (A, B) is artinian over R, we use Lemma l3.2[ as fol- 
lows. As A is artinian, Lemma r2.4lj b|) and Fact 13.11 imply that Supp fl (A) is finite. 
So, the containment Supp fl (Torf (A, B)) C Supp fl (yl) n Supp iJ (S) implies that 
Supp i j(Torf (A,B)) is finite. For each p £ Supp fl (Torf (A, B)), the i? p -module 
A p is artinian by Fact [3HJ and pf v (B p ) = f3f(p,B) by Lemma [3~71 Hence, the 
i?p-module Torf p (A p , B p ) ^ Torf (A,B) p is artinian, by [5J Theorem 3.1]. Thus, 
Lemma l3~2l implies that Torf (A, B) is artinian over R. 

Lemma [2T4tj cj) and Fact 13.11 imply that Torf (A, B) is b-torsion. Lemma l2~T0l 
implies that Torf (A, B) is an artinian i? b -module. □ 

One might be tempted to try to prove the previous result by applying Theo- 
rem [5J] to A and B v . When R is local, this approach works. However, in the non- 
local case, the fact that /3f (m, B) is finite for all m £ Supp fl (A) n Supp fl (£?) does 
not necessarily imply that fJ. R {m, B y ) is finite for all m e Supp fl (A) n Supp fl (B v ), 
because the sets Supp fl (yl) n Supp ij .(S) and Supp J? (A) n Supp fl (_B v ) may not be 
equal, as we discuss next. 

Remark 5.10. Assume that R is noetherian. Given an i?-module L, one has 

Supp il (L) n m-Spec(i?) C Supp fl (i v ) n m-Spec(iJ). 

To see this, let m £ Supp H (L) n m-Spec(-R). Since L m ^ 0, there is an element 
x G L such that x/1 ^ in L m . Thus, the submodule L' — Rx C L is finitely 
generated and L' m ^ 0. It follows that 

(L' v ) m a (L' m ? *(*-> ^0. 

The inclusion V C L yields an epimorphism (£ v ) m -» (i' v ) m ^ 0, implying that 
(i v ) m 7^ 0. This shows that m G Supp^(L v ) n m-Spec(i?), as desired. 

The containment above can be strict. (See, however, Lemma [3.3t |b)).) If we let 
R = k[X], n = RX and L = U mem _s P oc(fl)x{n} R/ m i then the maximal ideal n is 
not in Supp fl (L). We claim, however, that n £ Supp fl (L v ). To see this, note that 

^ V — nmem-Spcc(fl)\{n}(^/ m ) V — rimem-Spec(R)\{tt} R/ m - 

The natural map R — > Yim^u R/ m — L w given by 1 t->- {1 + m} is a monomorphism 
since its kernel is n m ^ n m = 0. It follows that Supp R (R) C Supp fl (L v ), so n 6 
Spec(i?) = Su PPit (i v ). 

5.11 (Proof of Theorem IB[bj)). Combine Lemma 13.71 and Theorem 15.91 □ 

Theorem 5.12. Assume that R is noetherian. Let M and M' be mini-max R- 
modules. Then for all i 0, the R-module Torf {M, M') is mini-max. 

Proof. Let N be a noetherian submodule of M such that the quotient M/N is 
artinian. Fact [L8fej) and Theorem HJEJ imply that Torf (AT, M') and Torf (A, M') 
are mini-max. Thus, Torf (M, M') is mini-max by Fact ll.9f [c|). □ 

Theorem 5.13. Assume that R is noetherian. Let M and M' be mini-max R- 
modules, and let i 0. 

(a) If the quotient ring R/{Axm R (M ) + Ann R (M')) is semi-local and complete then 
Torf (M, M') is a Matlis reflexive R-module. 

(b) If R/(Ami R (M) + Ann R (M')) is artinian then Torf (M, M') has finite length. 

Proof. This follows from Theorem I5.12[ using Fact 11.61 and Lemma 13.81 □ 
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5.14 (Proof of Tor-part of Theorem Hjcj) ) . Fact [L6] implies that R/ Ami R (M') is 
semi-local and complete, hence so is R/ (ArniR (M) + Ann^(M')). Thus, Theo- 
rem ISTTHljajl implies that Torf (M, M') is Maths reflexive over R for all i ^ 0. □ 



The next result is proved like Corollarv l5.6l 

Corollary 5.15. Assume that R is noetherian. Let M be a mini-max R-module, 
and let M' be a finite-length R-module. Then Torf (M, M') has finite length over 
R for all i ^ 0. 

6. Matlis Duals of Ext Modules 

This section contains the conclusion of the proof of Theorem [I] see 16.161 It is 
modeled on [6j Section 4]. However, Lemmas l6.7H6.10l show that the the current 
work is more technically challenging than [6]. 

Definition 6.1. Let L and L" be i?-modules, and let J be an i?-complex. The 
Horn-evaluation morphism 

0ljl>> : L ® R Hom fl ( J, L") -> Hom fl (Hom fl (i, J), L") 

is given by ® VOOA) = "0(</>(O)- 

Remark 6.2. Assume that R is noetherian. Let L and L' be i?-modules, and 
let J be an injective resolution of V . Using L" = E in Definition 16.11 we have 
9lje- L ®ij J v — > Hom R (L, J) v . The complex J v is a flat resolution of L N \ see, 
e -g-j [H Theorem 3.2.16]. This explains the first isomorphism in the next sequence: 

Torf (L, i' v ) ^ H,(L ® R J v ) ^ {0L -' E \ H 4 (Hom fl (L, J) v ) ^4 Ext^(L, L') V . 
The second isomorphism follows from the exactness of (— ) v . 

Definition 6.3. Assume that R is noetherian. Let L and L' be i?-modules, and 
let J be an injective resolution of V . The i?-module homomorphism 

&l L ,: Torf(i,i' v )^Ext^(L,L') V 
is defined to be the composition of the the maps displayed in Remark 16.21 

Remark 6.4. Assume that R is noetherian. Let L, L' , and N be i?-modules such 
that N is noetherian. It is straightforward to show that the map Q l LL i is natural 
in L and in L' . 

The injectivity of E implies that ©jyj/ is an isomorphism; see [10, Lemma 3.60]. 
This explains the first of the following isomorphisms: 

Extjj(iV, L') y = Torf (A, i' v ) Torf (L, L') v = Ext^L, L' v ). 

The second isomorphism is a consequence of Hom-tensor adjointness. Since Tor is 
commutative, the second isomorphism implies that Ext^,(i,L' v ) = Ext^,(i', L v ). 

Fact 6.5. Assume that R is noetherian. Let L and V be i?-modules, and fix an 
index i ^ 0. Then the following diagram commutes: 

Ext^L'.X) Ext ' R(L '' L l Ext^(£ , ,£) vv 



Bxt^L' ,S L ) 



Ext^(L', L vv ) = Torf (Z/, L 
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The unlabeled isomorphism is from Remark 16.41 
Lemma 6.6. Assume that R is noetherian, and let i 0. 

(a) If N is a noetherian R-module and L is an R-module, then the induced map 
Ext R (N,8 L ): Ext R (N,L) -> Ext R (N, L vv ) is an injection. 

(b) Let B be an R-module. For each m G m-Spec(i?) such that [i R (m, B) is finite, 
the map Ext^(i?/m, 8b) is an isomorphism. 

Proof, (jsj) Remark 16.41 implies that & Z NL is an isomorphism. Hence (0jvl) V ^ s a ^ so 
an isomorphism. The map 8 Exi i (jv,z,) is an injection by Fact 11.41 Using Fact 16.51 
we conclude that Ext R (N, 8if) is an injection. 

(|b|) Assume now that m G m-Spec(i?) is such that /j, R (m,B) is finite. It follows 
that Ext R (R/m, B) is a finite dimensional i?/m-vector space, so it is Matlis reflexive 
over R by Lemma 13.81 Hence, the map <5 Ext ; ^ R / m b) is an isomorphism. Again, 

using Fact 16.51 we conclude that Ext^j(i?/m, 8b) is an isomorphism, as desired. □ 

Lemma 6.7. Assume that R is noetherian. Let B be an R-module, and assume 
that m £ m-Spec(i?) is such that [i R (m, B) is finite. Then there is an R-module B' 
and an index set S such that B = B' ]J E R (R/m)^ and fi R (xn, B') is finite. 

Proof. Set E(m) = E R (R/m), and let H R {m } B) = n. Note that any map <j) £ 
Honifl(E(m), E(m)) = R m is just multiplication by some element r € R m . Hence, 
any map in <j> G Hom7?(E(m), E(m) 71 ) = (R m ) n is just multiplication by some vector 
v G (R m ) n . Given a vector v G (fi m ) n , let 0„ G Hom fl (E(m), E(m) n ) denote the 
map that is multiplication by v. 

Let / be a minimal injective resolution of B, and decompose 1° = J]J E(m) < - 7 " ) = 
JjJ(JJ QgT E(m)o,) with r m (J) = 0, where T is an index set. Here E(m) a = E(tn) 
for every a; we use the subscripts to refer to specific summands. Let dj : 1° — > I 1 
be the first map in the injective resolution /. Then T m (d l j) : YiaeT E(m) Q — > E(m) n 
can be described component-wise as (cj) Va ) a£ j- for vectors v a G (R m ) n . 

Since (i? m )™ is noetherian over i? m , so is the submodule N :— J2 a eT R mv a ^= 
(R m ) n . Thus, we can choose distinct a±, . . . , a m G T such that N = Y^jLi ^ m "a 3 ■ 
Let S = T N {ai, a2, . . . , a m }. Given /3 G 5 choose r^i, . . . , G i? m such that 
i>/3 = r p,i v ai ■ For each /3 G <S, set 

:= |(e,-^,ie,...,-r /S , m e) G E(m)^ JJ |uE(ra) aj j | eGE(m)|cj°. 

Then the map from E(m) to Xp defined by e 4 (e, —rp \e, . . . , —rp^ m e) is an 
isomorphism. By construction, we have Xp C Ker(<9°) = B. 

Consider the submodule X := Y^peS-^p Q B C 1°. It is straightforward to 
show that the sum defining A is a direct sum. Hence, we have X = E(m)^ s \ 
In particular, X is an injective submodule of B, so it is a summand of B and a 
summand of 1°. It is straightforward to show that 1° = J]J A]J (U i=1 E(m) Qi ). 
Moreover, with B' = B n (^U ]J (LI™ i E (m) Q J), the module i? is the internal 
direct sum 5 = B'®X = B 1 ®E{m) i - s \ Finally, since B' C J]J0IJ (U™i E(m) a4 ) 
and r m (J) = 0, we conclude that fj, R (m,B') — to, which is finite as desired. □ 
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Lemma 6.8. Assume that R is noetherian, and let c be an intersection of finitely 
many maximal ideals of R. Let T and B be R-modules such that T is c-torsion. As- 
sume that i ^ is such that fX R (xn, B) is finite for all m £ Supp fl (T) PI Supp fi (i?). 
Then the induced map Ext R (T, 5b)'- Ext^(T, B) — ¥ Ext fl (T, B vv ) is an isomor- 
phism when j — i, and it is an injection when j = i + 1. 

Proof. Note that for all m £ Supp R (T) \ Supp R (B) we have ^ R (xn, B) = for all 
j, by Remark Tl. 161 Thus, the quantity ti R (m, B) is finite for all m £ Supp fl (T). As 
the biduality map 5 R is injective, we have an exact sequence 

B ^ B vv Cokcr(5 s ) 0. (6.8.1) 

Case 1: i = 0. Lemma 16.61 implies that for all m £ Supp R (T) the induced 
map Homfl(i?/m, 5b) is an isomorphism and the map Ext fl (i?/m, 5b) is an injec- 
tion. The long exact sequence in Ext fl (i?/m, — ) associated to (|6.8.1|) shows that 
Horn R (i?/m, Coker(J s )) = for all m £ Supp R (T), so r m (Coker(<5 B )) = 0. Lem- 
mas O© , H2ffig) , and 1231 imply that 

Hom fl (T, Coker(5 B )) = Hom R (IJ me supp R (T) T m , Coker(^)) 

= LI me supp R (T) Ho mi? (T m , r m (Coker(<5 B ))) = 0. 

From the long exact sequence associated to Ext fl (T, — ) with respect to (|6.8.1[) . it 
follows that Homjj(r, fe) is an isomorphism and Ext R (T, 5b) is an injection. 

Case 2: i = 1 and /i°(m, B), /i 1 (m, B) are both finite for all m £ Supp R (T). 
Lemma 16.61 implies that for 4 = 0,1 the map Ext R (R/m, 5b) is an isomorphism, 
and the map Ext R (R/m, 5 R ) is an injection for all m £ Supp fl (T). From the long 
exact sequence associated to Ext fl (i?/m, — ) with respect to (16.8.11) we conclude that 
for t = 0,1 we have Ext R (R/m, Coker(5s)) = for all m £ Supp fl (T). In other 
words, we have Mi?( m ' Coker(^s)) = for all m £ Supp fl (T). Let / be a minimal 
injective resolution of Coker^s). Then for t = 0, 1 the module P does not have 
E R (R/m) as a summand by Remark 11.1 7l ffa|) . That is, we have r m (J*) = 0, so 
Lemmas [2~2l|bl) . HOfcj) . and [231 imply that 

Hom H (T, I*) = Ho mR (U me su P p R (T) T ^ I") 

= LUsu PPr( t) Hom R (T m , r m (/*)) = 0. 

It follows that Ext R (T, Coker(<5_B)) = for t = 0, 1. From the long exact sequence 
associated to Ext fl (T, — ) with respect to (|6.8.1|) . it follows that Ext R (T, 5 R ) is an 
isomorphism and Ext R (T, 5 R ) is an injection, as desired. 

Case 3: i = 1. Apply Lemma |6 . 71 inductively for the finitely many m £ Supp R (T) 
to write B = B 1 ]J / where 

7 = U rae Supp H (T) E «(^) (5w) 

such that S m is an index set and /i°(m, B') is finite for all m £ Supp R (T). Note that 
we have fj, R (m,B') ^ n R (m,B) which is finite for all m £ Supp ij .(T), since B' is a 
summand of B. Since / is injective, so is 7 VV . Hence, the maps Ext^(T, 5i) and 
Ext R (T, 5i) are both just the map from the zero module to the zero module. Case 2 
(applied to B 1 ) implies that Ext^(T, 5 R ') is an isomorphism and Ext R (T, 5b>) is an 
injection. Since the desired result holds for B' and /, it also holds for B = B' \\I . 

Case 4: i ^ 2. Let J be a minimal injective resolution of B, and let B" = 
Ker(J J ~ 1 -> J 1 ). As n R (m,B") = n R (m,B) is finite for all m £ Supp R (T), Case 3 
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(applied to B") shows that Ext^(T, 8b») is an isomorphism and Ext R (T, 5b") is 
an injection. A standard long exact sequence argument shows that Ext^(T, 6b) is 
an isomorphism and Ext^~ (T, 5b) is an injection. □ 

Lemma 6.9. Assume that R is noetherian, and let c be an intersection of finitely 
many maximal ideals of R. Let I , L, and T be R-modules such that T is c-torsion 
and I is infective. Let a C b := n ro gSupp R (T)nSupp Ji (i) tTl - Then there are R-module 
isomorphisms 

T® R Hom fi (7, L) =T ® R Hom fl (r„(/), L) <* T ® R Hom fl (r a (7), T a {L)). 

Proof. Fix an isomorphism I = U peSuppR(7) E R {R/p)^\ Set W = n meSupPH(T) m, 
and let p € Supp fi (7) \ V(a). The assumption a C b implies that p £ Supp^(T). 
Hence, using the fact that Supp fl (T) is a finite set of maximal ideals, we conclude 
that W % p. Since E R {R/p)^ is an i? p -module, so is Rom R (E R (R/p)^f\ L). The 
condition b' ^ p, implies that b'R v = Rp, and this explains the second step in the 
next display: 

Hom fl (U peSupPB(J)xV(o) E R (R/p)^\L) 

= np 6 Sup PH (7).y(a) Kom R (E R (R/p)M,L) 
= n pe su PPH (7).y(a) b'Hom R (E R (R/p)M,L) 
= b'U pe sn PPR (i^v {a )^om R (E R (R/p)M,L) 
<* b' Hom fl (U peSupPR(J)xF(a) E R (R/p)M,L). 

The third step follows from the fact b' is finitely generated, and the remain- 
ing steps are standard. Set X := Ii pe gup PR (/)\V(a) E R (R/p)^"\ which satisfies 
Hom R (X, L) = b'Hom R (X,L) by the previous display. Lemmas I2.4l fc"l) and 12.51 
imply that T is b'-torsion, so T ® R Hom R (X, L) = by Lemma \2. 91 Also we have 

I = (Up^onsupp^/) E R (R/p)M)UX = T a (I) II X 

by Fact 11.131 and it follows that 

T ® R Uom R (I, L)=T® R Hom i? (r a (7) ]JX,L) = T ® R Rom R (T a (I), L). 

This explains the first isomorphism from the statement of the lemma, and the 
second one follows from Lemma r2.2[|bl) . □ 

Lemma 6.10. Assume that R is noetherian, and let c be an intersection of finitely 
many maximal ideals of R. Let T and L be R-modules such that T is c-torsion. Let 
a be an ideal contained in n me s U pp R (T)nSupp R (L)' rrl - For each index i 0, there is 
an R-module isomorphism 

Torf (T,Bom R (L,E na )) - Tor? : (T,L V ). 

Proof. Let I be a minimal injective resolution of L. The minimality of / implies 
that Supp^-P) C Suppjj(i) for all j. Thus, Lemma 16 . 91 explains the first and third 
isomorphisms in the following display: 

T fi Hom R {I, E)=T® R Hom R (r a (7), T a (E)) 
^T®h Horn^ (/),/%,) 
= T® R Hom R {I,E Sa ). 
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The second isomorphism is from Lemma 12.111 Since E and E^ a are injective 
over R, the complex Homn(I, E) is a flat resolution of Hom R (L, E) = L v , and 
Hoiiir(/, Efi a ) is a fiat resolution of Hom^(X, E^ a ); see [H Theorem 3.2.16]. By 
taking homology in the display, we obtain the desired isomorphism. □ 

Example 15.31 can be used to show that it is not enough to assume that A is 
c-torsion in the next results. 

Theorem 6.11. Assume that R is noetherian. Let A and B be R-modules such that 
A is artinian. Let T be a finite set of maximal ideals of R containing Swpp R (A) n 
Supp R (B), and set b = n m g^m. Assume that i ^ is such that /i^(m, B) is finite 
for all m £ Swpp R (A) n Supp^(-B). Then we have the following: 

(a) There is an R-module isomorphism Ext^(^4, B) vt - R ' = Torf (A, _B V ). 

(b) If R/(Aixixr(A) + Arm R (B)) is semi-local and complete, then Q l AB provides an 
R-module isomorphism Extjj.(A B) v ~ Torf (A,B V ). 

Proof. (|bj Assume that R 1 := R/(Ann R (A) + Aim R (B)) is semi-local and com- 
plete. From the containment Ann R (A) + Ann R (B) C Ann R (Ext l R (A, B)), it follows 
that R/ Aruii{(Ext^j(j4, B)) is semi-local and complete. Theorem 15.11 implies that 
Ext R (A, B) is noetherian over R b , so it is noetherian over 

~, ^, -~-b — bR' 

R b /(Axm R (A) + Arm R (B))R b = R' = R> . 

^-bR' 

Since R is semi-local and complete, the ring R' is a homomorphic image of 
R', hence a homomorphic image of R. Thus, Ext^(.A, B) is noetherian over R, so 
Fact 11.61 implies that Ext R (A, B) is Matlis reflexive over R, i.e., the biduality map 
#Extfj(A,.B) : Ext R (A,B) — > Ext l R (A, B) vv is an isomorphism. Lemma [6.81 shows 
that the map Ext R (A,6 B )- Ext R (A,B) -> Ext R (A, i? vv ) is an isomorphism, so 
Fact 16.51 implies that (Q\ B ) V is an isomorphism. Since E is faithfully injective, the 
map Q\ B is also an isomorphism. 
(ja| We first verify that 

Torf (T b (A), (R b ® fl B) v ^) SS Torf (A, (R b ® R B) v ^). (6.11.1) 

For this, let P be a projective resolution of A over R. Since R b is flat over R, 
the complex R b ® R P is a projective resolution of R b t$> R A = Tt,(A) over R b ; see 
Fact 13.11 Using tensor-cancellation, we have 

(R b ®r P) ® Rb (R b ® R B) v ^ 6) =P® R (R b ®r B) v(i?6) 

and the isomorphism (|6 . 1 1 . 1[) follows by taking homology. 

Set J 7 ' = Supp i j(A) (~l Supp it (i?) and b' = n me jr'in. We next show that 

Extl 6 , (T b ,(A), R b ' ® R i?) v ^ 6 ') * Torf (T V (A), (R b ' ® R B) v ^'>). (6.11.2) 

Since T' is a finite set of maximal ideals, the ring R b is semi-local and complete. 
Fact 13.11 implies that r^/ (A) is artinian over R b . The maximal ideals of R b are 
of the form mR b with m £ J-'; see Fact 11.21 For each such m, the quantity 
//~ b , (mR b ,i? b ®_r B) — fi R (m,B) is finite, so the isomorphism (16.11.2)) follows 
from part (jbj. 
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Note that Theorem 15.11 implies that Ext l R (A, B) is an i? b -module and an R b - 
module. Theorem 14.31 explains the first isomorphism in the next display: 



Ex4(A,5) v (« 6 ') =Ext^,(iY(A),i? b ' ®«s) v ^ 

-Torf (T b ,(A),(R b ' ^i?) V(j?6,) ) 

S Torf (A, (R b ' ^S)^ 6 ')) 

STorf^Hom^B,^,,,)) 
= Torf(A,B v ). 

The second step is from (|6.11.2p . The third step is from (|6.11.1[) , in the special case 
where T = T' . The fourth step is from Hom-tensor adjointness. The fifth step is 
from Lemma 16.101 

To complete the proof, recall that R b = rime^^ m and - ELe^' R m - lt 
follows that R b = R b /a where a is an idempotent ideal of R b . Since o is idempotent, 
we have (R b ) Aa - R b /a = R b ' . As Ext^A, B) is an ^'-module, it is a-torsion, so 
Lemma 12.121 provides the first isomorphism in the next sequence 

Ext^(A,£0 v ^ £ Ext^(A,B) v ^ S Torf (A,B V ). 

The second isomorphism is from the previous display. □ 

Remark 6.12. Lemma T6. 81 and Theorem 16.111 answer [6, Question 4.8]. 

Corollary 6.13. Assume that R is noetherian. Let A and M be R-modules such 
that A is artinian and M is mini-max. Let F be a finite set of maximal ideals of 
R containing Supp fl (A) n Supp fl (M), and set b = n m e^m. For each index i ^ 0, 
one has an R-module isomorphism Ext^,(A, Af) v ^ ) = Torf (A, M v ). 

Proof. Combine Lemma 13.71 and Theorem 16. life ]) . □ 

Theorem 6.14. Assume that R is noetherian. Let M and B be R-modules such 
that M is mini-max and the quotient i?/(Annfj(M) + Ann^(_B)) is semi-local and 
complete. Assume that i ^ is such that /^(m, B) and /x^~ 1 (m, B) are finite for 
all m E Supp^j(Af) Pi Suppjj.(-B) PI m-Spec(i?). Then 0\, IB is an isomorphism, so 

Ext^(M,B) v = Torf(M,B v ). 

Proof. Since M is mini-max over i?, there is an exact sequence of i?-modules ho- 
momorphisms — > N — > M — > A — > such that N is noetherian and A is artinian. 
The long exact sequences associated to Tor R (— , B y ) and Ext ii (— , B) y fit into the 
following commutative diagram: 



Torf (AT, B v ) ^ Torf (M, B y ) ^ Torf (A, B 



el, 



■ Ext l fl (A, B) y *- Extjj(M, B) y Ext 4 fl (A, Bf 



By Remark |6.4[ the maps Q l NB and & l NB are isomorphisms. Theorem 16. lltlb)) im- 
plies that @\ B and 6^ are isomorphisms. Hence, the map & l MB is an isomorphism 
by the Five Lemma. □ 
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Corollary 6.15. Assume that R is noetherian. Let M and B be R-modules such 
that M is Matlis reflexive. Assume that i is such that H R (m, B) and /i^" 1 (m, B) 
are finite for all m G Supp^(M) n Supp fl (f?) n m-Spec(iZ). Then & MB is an 
isomorphism, so Ext l R (M,B) v Torf(M,S v ). 

Proof. Combine Fact 11.61 and Theorem 16.141 □ 

6.16 (Proof of Theorem HP)). Apply FactHH Lemma[3Jl and TheoremEU □ 

Corollary 6.17. Assume that R is noetherian. Let M and M' be mini-max R- 
modules such that the quotient R/ (Aim R (M) + Ktxq.r(M')) is semi-local and com- 
plete. Let T be a finite set of maximal ideals of R containing V (Aim R (M)) n 
V(Annij(M')) n m-Spec(-R), and set b = n me ;rm. Then for all i ^ the map 
Q MM i is an isomorphism, so 

Ext R (M, M') v(i?6) = Ext* fl (M, M'Y S Torf (M, M' v ). 
Proof. Combine Lemma 12.121 and Theorem 16.141 □ 

7. Length and Vanishing of Hom(L, L') and L®L' 

This section includes the proof of Theorem lllll as well as vanishing results for Ext 
and Tor, including a description of the associated primes of certain Hom-modules. 
Most of the results of this section do not assume that R is noetherian. Note that, 
in the next result, the integers t and a m exist, say, when T or T 1 is artinian. 

Lemma 7.1. Let a and a! be intersections of finitely many maximal ideals of R. 
Let T be an a-torsion R-module, and let T' be an a! -torsion R-module. Let T be 
a subset of m-Spec(i?) containing Supp fl (T) n Supp R (T') , and let b be an ideal 
contained in n me jrm. 

(a) Then there is a R b -module isomorphism T ® R T' = Ylm^^m ®i? ^n- 

(b) Assume that for each m £ J- there is an integer a m such that either m" m T — 
m" m+1 T or m" m T' = m" m+1 T'. Then there exists a R b -module isomorphism 
T ®r T' = U m eA T / mamT ) ®R (T'/m^T'). 

(c) Assume that there is an integer t ^ such that b*T = b t+1 T or b f T' = b t+1 T' . 
Then there is a R b -module isomorphism T ® R T' = (T/b*T) ® R (T'/b'T'). 

Proof, (jaj) In the following sequence, the first step is from Lemmas I2.4[j cj) and 12.51 

t ®h r - u meSupPjt(T) T m ® R v ss LI meSupPR(T) r m ® R r m - u me ^T m ® R r m . 

The remaining steps are standard, using the condition T 2 Supp^(T) nSupp fl (T'). 
Since T is a-torsion and a is a finite intersection of maximal ideals, it follows that 
T m is mi? m -torsion for all m £ m-Spec(-R), and similarly for T^. In particular, for 
all m S T , the modules T m and are bi? m -torsion, since bR m C mR m , hence 
b-torsion. It follows that the modules in the previous display are b-torsion. Thus, 
Lemma l2~2T laj) implies that the i?-module isomorphisms are i? fa -linear. 

© If m Qm T = m Qm+1 T, then m Qm T m = m am+1 T ro ; since we have T/m Qm T ^ 
T m /m Qm T m , in this case Lemma \2 . 9 1 provides an isomorphism 

T m ®n r; = (T/m Qm T) ® H (T'/m^T"). 
Similarly, the same isomorphism holds if m am T' = m am+1 T', and the isomorphism 
IIme^ T n> ®R T L - UmeA T / mamT ) ®R (T'/m a '»T') follows. This isomorphism is 
i? ll -linear as in part (Jaj) . 
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(jcj) If b*T = b t+1 T, then b*T m = b t+1 T m , and Lemma E! shows that 

T m ® R t; s (r m /b 4 r m ) ® fl (r;/b*r;) 

for all m G J 7 . This explains the second step in the next display: 

(T/b*r) ®* (T'/b'r) = U m ^(T m /b'r m ) ®« (r;/bX) 
^t® r t'. 

The other steps follow from part (jaj). These isomorphisms are i? b -linear as in 
part (jlj). The same isomorphisms hold by symmetry if b'T" — b t+1 T' . □ 



The next result is proved like Lemma I7.1l [aj) . For the sake of brevity, we leave 
similar versions of Lemma l7.1t|b]) -(|cj) for the interested reader. 

Lemma 7.2. Let a be an intersection of finitely many maximal ideals of R. Let T 
and L be R-modules such that T is a-torsion. Let T be a subset of m-Spec(-R) such 
that J- 3 Supp fl (T) fl SuppjjfX), and let b be an ideal contained in D m ^xa. Then 
there is a R -module isomorphism T (£i R L = U^^Tm <8>_r L m . 

Proposition 7.3. Let a and a' be finite intersections of maximal ideals of R. LetT 
be an a-torsion R-module, and let T' be an a' -torsion R-module. Let J- be a subset 
of m-Spec(i?) containing Supp fl (T) (~l Supp fl (T') 7 and let b be an ideal contained 
in n m ej^tn. Assume that there is an integer t ^ such that b l T = b t+1 T. Assume 
that for each m £ T there is an integer a m ^ such that m Qm T = m am+1 T. Then 
there are inequalities 

len R (T ® H T') 

^E m eT m ™{\en R (T/ m a ™T)len R (T'/mT'),\en R (T/mT) len R (T' /m a »T')} 
^ \en R (T/b*T) max{len R (T' /mT') me J} 
^ len R (T/b'T) len R (T' /bT'). 

Here we use the convention • oo = 0. 

Proof. Note that for all m € m-Spec(i?) and all n ^ we have \en Rm (T m /m n T m ) = 
\en R (T/m n T) and \en Rm (T^/m n T^) = len R (T' /m n T'). Thus, the proof of [6j The- 
orem 3.8] shows that for each me J one has 



len fl (T m ® fl r;)^min{len fl (r/m Q -T) len R (T' /mT% len R (T/mT) len R (T' /m a ">T')} 
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and this explains step (2) in the next display: 
len R (T® R T') 

i Eme^min{len fl ,(T/m Q »T) len R (T'/mT% len fl (T/mT) len R (T' /m a ™T')} 

(3) 

< E me ^lenfl(T/m«»T) \en R (T/mT) 

(4) 

< (E me ^l en fl(T/m«™r)) (max{len fl (T'/mT') | m g J"}) 

(5) 

< len jR (T/b t T)max{len i? ,(T'/mT') | m g J 7 }) 

(6) 

len fl (T/b t T)len fl ,(T7br'). 

Step (1) follows from Lemma irTTT pj) . and steps (3)-(4) are routine. 

For step (5), since b*T = b t+1 T, it follows that b*T m = b t+1 T m for all m 6 
m-Spec(-R). We conclude that b*T m = b t+a ™T m C m' +Qm T m = m Qm T m for all 
m <E J-. This explains step (8) in the next display: 

len^T/b'T) ( = 3 £ m&F len fl (T m /b'T ra ) 

(8) 

= E m ^len fl (T/m^T) 

Step (7) follows from Lemma \7.2\ applied to the tensor product T (g) R (R/b*), and 
step (9) is standard. This explains step (5). 

Since b C m for each m 6 J 7 , we have an epimorphism T'/bT' -» T'/mT'. This 
explains step (6), and completes the proof. □ 



Corollary 7.4. If A and A' are artinian R-modules, then A® R A' has finite length. 

Proof. Lemma ETSl implies that the quantities \en R (A/m a A) and \en R (A' /m a A') are 
finite for all m g m-Spec(i?) and all a ^ 1. Thus, the finiteness of \en R (A ® R A') 
follows from Proposition 17.31 □ 



The next result also applies, e.g., when T and T' are artinian. 

Proposition 7.5. Let a and a' be finite intersections of maximal ideals of R. LetT 
be an a-torsion R-module, and let T' be an a' -torsion R-module. Set b = n mg jrm, 
where J- is a finite subset o/m-Spec(i?) containing Supp^(T) n Supp^(T'). Then 
the following conditions are equivalent: 

(i) T® R T' = 0; 

Sup Pfl (T/bT) n Supp R (T'/bT') = %; 

(iii) For all me J, either T = mT or T' = mT'; and 

(iv) For all m g m-Spec(.R), either T — mT or T' — mT' . 

Proof. The implication (JIvJ) ([m} is trivial since T C m-Spec(iZ). 
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© ==> jiv|: Assume that T ® R T' — 0. For each m G m-Spec(i?), we have 

= R/m ® R (T ® R T') 

S (i?/m ® fl T) ® R/m (R/m ® R T') 

= (T/mT) ® fl/m (T'/mT'). 

The isomorphisms are standard. Since T/mT and T'/mT 1 are vector spaces over 
i?/m, it follows that either T/mT = 0or T'/mT' = 0, as desired. 

(jml) =>■ © and ([m]) (JTTJ) : Assume that for each m G T , either T — mT or 
T = mT'. Then Lemma 0© implies that 

T® R T' = U me A T / m ° T ) ®R (T'/m°T') = 0. 

For each m G J- we have bR m = mR m . If T = mT, then this implies that (T/bT) m = 
T m /bT m = T m /mT m = 0, so m g Supp R (T/bT). Similarly, if T' = mT', then 
m ^ Supp H (T'/bT'). This explains the third step in the next display: 

Su PPi? (T/bT) n SuppaCTVW) 

C Supp fl (T) n Supp fi (T') 

c J 7 

C (Spec(i?) \ Supp fl (T/bT)) U (Spec(iJ) \ Supp^T'/bT')) 

= Spec(i?) \ (Su PPi? (T/bT) n Supp R (T'/bT')). 

The other steps are routine. It follows that the set Supp fl (T/bT) n Supp^ (T'/bT) 
is contained in its own compliment, so it must be empty. 

fn} => jm|: Assume that Supp fl (T/bT) n Supp fl (T7br') = 0. Let m G T. 
Without loss of generality assume m ^ Supp^j (T'/bT). Therefore, we have = 
(T/bT) m = T m /bT m = T m /mT m ; hence T m = mT m . Since T = U tteSupPfl(T) T n and 
T n = mT n for all maximal ideals n ^ m it follows that T = mT. □ 

Proposition 7.6. Lei c be an intersection of finitely many maximal ideals of R. Let 
L and T be R-modules such that T is c-torsion, and let J- be a subset of m-Spec(i?) 
containing Supp fl (T) n Assr(L). For each ideal a C n me jrm, one has 

Rom R (T,L) S Hom fl (r a (T),r a (L)) £* U m e ^ Horns (r m (T) , T m (L) ) . 
Proof. The first step in the next display follows from Lemmas I2.4f lc1 and 12.51 
Hom fl (T, L) - U meSupPj?(T) Hom fl (r m (T), L) 

- UmeSu P p R (T) Hom fl (r m (T), T m (L)) 
= LI me ^Hom fl (r m (T),r m (L)). 

The second step is from Lemma [2T2l (b|) . The third step follows from the fact that for 
all maximal ideals m ^ T either T m = r m (T) = or T m (L) — 0; see Lemma l2vil( b"]). 

Since we have T D Supp fl (T) n Ass R (L) D Supp R (T a (T)) n Ass R (L), the first 
paragraph of this proof gives the second step in the next sequence: 

Rom R (T a (T),T a (L)) = Rom R (T a (T),L) 

= U me ^Hom fi (r m (r Q (T)),r m (L)) 

= LI me ^Hom fl (r m (T),r m (L)). 

The first step is from Lemma [2.2lfb|) . For the third step, note that each m G T 
satisfies o C m, so we have r m (r a (T)) = r m+a (T) = T m (T). □ 
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In the next result, the assumption "^(m, B) is finite for all m £ V(a)" is 
equivalent to the condition len^(0 :b a) < oo. 

Proposition 7.7. Assume that R is noetherian, and let c be an intersection of 
finitely many maximal ideals of R. Let T and B be R-modules such that T is c- 
torsion, and let J- be a finite subset o/m-Spec(i?) containing Supp^(T) n Assr(B). 
Set a = n m gjrm, and assume that n R (va, B) is finite for all me J. Then we have 

Hom fl (T,i3) =Hom j?o (r (B) v ! r a (T) v ) =U me ^Hom Sm (r m (B) v ,r m (T) v ). 
Proof. Since ^(tn, B) is finite for all m € J, we know that 
r (E«(B)) - U m ^EH(i?/m)^>' B ) 

is an artinian .R-module containing T a (B). It follows that T a (B) is artinian over R 
with Supp fl (r o (i?)) C T. Since T is c-torsion, Lemmas 12.51 and l2~6T faf imply that 
Supp fl (r o (T)) C V(a) = J-, so Corollary 14.71 explains the second step in the next 
sequence: 

Rom R (T,B) Rom R (T a (T),T a (B)) 

= Homg, (r a (r (B)) v ,r a (r (r)) v ) 
= Hom i5a (r a ( J B) v ,r a (r) v ). 

The first step is from Proposition 17.61 

By construction, we have JF D Supp i? (r o (T)) n Supp Jj ,(r a (_B)), so another ap- 
plication of Corollary 14. 71 and Proposition 17.61 explains the first and second steps in 
the next sequence: 

Rom R (T, B) * Hom R (r a (T), T a (B)) 

= IW Hom i? m (r m (r (B) ) v , r m (r a (t) ) v ) 

= U m6 ^Homg m (r m (B) v ,r m (T) v ). 
The third step follows from the fact that every m £ T satisfies m D a. □ 

Remark 7.8. In the previous result, note that T a (B) v is a noetherian i? a -module 
while r m (I?) v is a noetherian i? m -module. Indeed, since T a (B) is artinian over R 
and a-torsion, Lemma \2. 101 implies that F a (B) is artinian over R a . As the ring R a 
is semi- local and complete, Lemma [2.121 and Theorem 15.11 imply that T a (B) v = 
r cl (_B) v ( jR > is noetherian over i? a . The noetherianness of r m (_B) v follows similarly. 

Similarly, if T is artinian, then T a (T) v is a noetherian i? a -module while r m (T) v 
is a noetherian i? m -module. 

Proposition 7.9. Let c be an intersection of finitely many maximal ideals of R. 
Let L and T be R-modules such that T is c-torsion. Let J- be a finite subset of 
m-Spec(i?) containing Supp fl (T) Pi Ass R (L), and set b — n m ej^m. Assume that 
there is an integer x ^ such that b x T b (L) = 0. Set y = inf{z > | b z T = b z+1 T}, 
and let n mm{x,y}. 

(a) For each me J there is an integer a m with n a m swc/i t/ia£ m Qm T — 
m am+1 T orm am T m {L) = 0. 

(b) Given any a m as in part (jaj), there are R-module isomorphisms 

Rom R (T,L) S TJ me ^Hom fl (T/m Q »T, (0 : L m Q ™)) = Hom fl (T/b"T, (0 : L b n )). 
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Proof, (jap It suffices to show that m n T = m n+1 T or m n T m (L) = for each m G T. 
To show this, we argue by cases. If n ^ x, then we have m Ti r m (L) = b™r m (L) = 
since T m (L) is an i? m -module and bR m = mR m . In the case n < x, the condition 
n ^ min{a;, y} implies that n ^ y. In particular, this implies that b n T = b n+1 T. 
Since T = LlneSupp(T) this explains the second equality in the next display 

in the case m G Suppjj(T): 

m'T m (T) - b"r m (T) = b" +1 r m (T) = m" +1 r m (T). 

Fortune Supp(T) we have nvT n (T) = T n (T) = m J+1 r n (T) for all j ^ 0. Thus 

m"T=(U m#neSupp(T) m"r n (T))Um«r m (T) 

= (U m# „ e sup P (T)^ +1 rn(T)) Um^ 1 ^^) 
= m n+1 T 

since Supp fl (T) is finite. In the case m ^ Supp fl (T), we have F m (T) = T m = 0, so 
the displayed equalities hold in this case as well. 

(jb| For each integer j ^ 0, the first step in the following display is from 
Lemma O applied to T ® R {R/b j ): 

t/vt - UraeATJVTm) = U m ^(r m (T)/^r m (r)) = r b (T)/^T 6 (T). 

The second step is from Lemmas l2.4fe j) and !2.5[ and the third step follows similarly. 
This explains the third step in the next display: 

Hom R (T, L) SS HomH(r 6 (T),r b (L)) 

sHomji(r b (T)/f» B r 6 (r),r b (£)) 

^Hom R {T/b x T,T b (L)) 
^Hom R (T/b"T,r b (L)) 
= Hom fl (T/b"T, (0 : L b")). 

The first step is from Proposition l7.6l The second step follows from the assumption 
b x T b (L) = 0. The fifth step is due to the equality (0 : L b") = (0 : rb{L) b"). 

For the fourth step, we argue by cases. If n > x, then b"T b (L) = = b x Tt,(L), 
so we have Rom R (T/b x T,T b (L)) = Hom fl (T, r b (L)) Rom R (T/b n T,T b (L)) as 
desired. If n < x, then the condition n min{x, y} implies that y ^ n < x. From 
the assumption b y T = b y+1 T it follows that b y T = b n T = b x T. 

Note that for each m € T we have 

m x r m (L) = b x r m (L) c b x r b (L) = o. 

The first step is from the fact that T m (L) is an i? m -module and bR m = mR m . The 
second step is from the fact that b C m, and the vanishing is by the definition of 
x. Similarly, for each m G J-, we have 

m y T m = b y T m = b y+1 T m = m y+1 T m . 

Thus, we have the following isomorphisms 

Rom R (T,L) S I] m6jr Homji(r w (T),r ro (L)) S JJ me ^ Hom fl (T/m«™T, (0 : L m Q ™)) 
using similar reasoning as above. □ 
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Proposition 7.10. Let c be an intersection of finitely many maximal ideals of 
R. Let L and T be R-modules such that T is c-torsion, Let T be a finite subset 
of m-Spec(i?) containing Supp^(T) n Assr(L), and set b — n me jrtn. Assume that 
there is an integer x > such that b x Y b (L) = 0. Set y = inf{z > | b z T = b 2+1 T} ; 
and let n minja;, y}. For each m € T , fix an integer ct m with n 

^ Such 

that m am T = m am+1 T or m Q ™r m (L) = 0. Then there are inequalities 
len fl (Hom fl (T,L)) < £ m6 ^len fl (T/mT) len*(0 : L m Q ») 

< max{lcn fl (T/mT) | m £ F}\esx R (Q : L b n ) 
^len fl (T/bT)len fl (0: L b n ). 
Here, we follow the convention • oo = 0. 
Proof. An inductive argument on len^O :l m Qm ) shows that 

len fl (Ho miI (T/m Q *"T, (0 : L m Qm ))) s? len R (T/mT) len fl (0 : L m Qm ). 

Therefore by Proposition ^. 91 and the additivity of length we get the first inequality 
in the proposition. 

The conditions n a m and b C m for each me J imply that b n C m"™ , so we 
have 5Z mg- 7r(0 :_l m Qm ) C (0 :l b n ). As each m € J- is maximal, the elements of T 
are comaximal in pairs, so the sum X^meJF^ ' L mQm ) i s direct. It follows that 
E me ^ W0 :l m Q ™) = len fl (X; m&F (0 : L m Q ™)) ^ len fl (0 : L b") 

and the second in inequality in the statement of the proposition follows. The third 
inequality in the statement of the proposition follows from the fact that T/bT 
surjects onto T/mT. □ 

7.11 (Proof of Theorem HIT}. Set b = n me6 m. 

First, we show that T b (N) is annihilated by a power of b. Since N is noetherian, 
so is the submodule Tf,(N). In particular, Tf,(N) is finitely generated. Since each 
generator of Tb(N) is annihilated by a power of b, the same is true of r b (N). 

Proposition I7.9f [aj) implies that for each m £ T there is an integer a m with 
n ^ a m ^ such that m Qm A = m Um+1 A or m Qm r m (A^) = 0. Proposition[L9filj) pro- 
vides the isomorphism Rom R (A, N) = U me g; Hom R (A/m am A, (0 :jv m Qm )). Since 
each module Hom R (A/m am A, (0 :n m Qm )) is annihilated by m Qm , it follows that 
Rom R (A, N) is annihilated by n me gm Qm . 

Proposition 17. 101 provides the first step in the next sequence: 

len R (Rom R (A,N)) ^ £ roeff ^n R (A/mA) len R (0 : N m°"") < oo. 

For the second step, observe that Lemma T3.8I implies that A/mA and (0 :n vn am ) 
both have finite length. □ 

Definition 7.12. Given an i?-module L, a prime ideal p £ Spec(i?) is an attached 
prime of L if there exists a submodule V of L such that p = Aim R (L/L'). The set 
of attached primes of L is denoted Att R (L). 

Proposition 7.13. Assume that R is noetherian. Let A and B be R-modules such 
that A is artinian, and set J- — Supp^(A) n Ass R {B) and b = n m g^tn. Assume 
that fj, R (m, B) is finite for all m G T . Then we have 

Ass g » (Rom R (A, B)) = Ass Rb (T b (A) v ) n Supp g6 (T b (B) v ) 

= Att Ri (T b (A)) n Su PPi?6 (T b (B) v ). 
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Proof. PropositionOimplies that Hom fl (A, B) ^ Hom^ (T b {B) y , T b (A) y ). Since 
Tb(B) v is a noetherian ii^-module (by Remark |7.8[) we can apply a result of Bour- 
baki [3J IV 1.4 Proposition 10] to obtain the first equality in the proposition. Also, 
by [SI Proposition 2.7], we have the first equality in the next sequence: 

A S s S6 (r b (A) v ) = Att Sb (r b (A) v ) v (« 6 )) = Att fiB (r b (A)). 

The second equality follows from the fact that T b (A) is artinian over the semi- local 
ring R b by Fact 13.11 hence Fact 11.61 implies that r b (^4) is Matlis reflexive over R b ; 
so we have (r b (A) v ) v ^) = (r^A)^**))^**) = T b (A) by Lemma This 
explains the second equality in the proposition. □ 

Corollary 7.14. Assume that R is noetherian. Let A and B be R-modules such 
that A is artinian. Set J- — Supp^(A) n Assr(B) and b = n m gj^m. Assume that 
/ij^m, B) is finite for all me J. Then the following conditions are equivalent: 

(i) Rom R (A, B) = 0; 

(ii) Bom R {T b {A) 1 T t {B))=Q; 

(iii) Hom^(r b ( J B) v ,r b (A) v ) = 0; 

(iv) Ass^(r b (A) v ) n Supp j?6 (r b (B) v ) = 0; and 

(v) Att fi ,(r b (A)) nSup P ^(r b (B) v ) = 0. 

Proof. Propositions 17. 61 and 17. 71 give the equivalence of (fif- (jm|) . The equivalence of 
(Jm|-(jvj) follows from Proposition [733] and the fact that we have Hom^(A, B) = 
if and only if Ass^„ (Hom^(A, B)) = 0. □ 
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